
Preface 

This course is a mathematics course for elementary teachers. We will not be talking about 
teaching methods per se - that is left for your tea er education courses. However, under
standing elementary school mathematics from a teac er's perspective requires many things not 
discussed in most mathematics courses. All teachers of course, must have a solid knowledge 
of the material they teach. But an elementary school athematics teacher needs to know much 
more, including: (i) how to present the material in the implest, clearest way, (ii) the appropriate 
sequential order for developing mathematics skills, an (iii) what the students will find difficult 
and what errors they are likely to make. A teacher al o needs a good sense of how each topic 
helps advance the mathematical level of the students. 

Obviously we cannot develop all those skills int ·s course. Indeed, such teaching knowl
edge can be mastered only after years in the classro m. But this course will get you started 
and, we hope, show you a way of thinking about elem ntary mathematics that will guide you to 
become a better teacher every year. 

Teaching Elementary Mathematics - Overview 

Teaching mathematics well requires a firm under tanding of what the goals are and how 
they can be attained. That involves knowing the overall structure of the elementary mathematics 
curriculum and knowing how the unique features of m thematics bear on teaching. 

The elementary school mathematics is not a scatteri g of topics. Rather, it should be viewed 
as an upward spiral with two major phases. 

• Grades K-4 should thoroughly cover the basic : addition, subtraction, multiplication, 
division, fractions, and a little geometry. 

• Grades 5-7 should be preparation for the more bstract mathematics that starts with a 
grade 8 Algebra course focusing on quadratic eq ations and polynomials, and a grade 9 
course in Euclidean Geometry, with proofs. Mo students find these courses very hard, 
and many quit mathematics because of them. Bu these two subjects are not intrinsically 
difficult. In other countries all students take them as a matter of routine and are expected 
to master the material. They succeed because ey spend grades 5-7 moving beyond 
arithmetic, taking steps toward algebra and geom try with proofs. 

In all grades, a well-designed curriculum takes a b anced approach. This idea of balance 
has been neatly summarized by Richard Askey, a leadin expert in mathematics education: 
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Like a stool which needs three legs to be stable, mathematics education needs three 
components: good problems, with many of them being multi-step ones, a lot of 
technical skill, and then a broader view which contains the abstract nature of math
ematics and proofs. One does not get all of these at once, but a good mathematics 
program has them as goals and makes incremental steps toward them at all levels 
[8]. 

All three components are important; none should be neglected or underemphasized. The 
level of instruction spirals upward as these three components reinforce each other: increased 
skill at calculational procedures leads to more sophisticated word problems, experience with 
word problems solidifies conceptual understanding, which in tum allows students to move to 
the next level of calculational skills. 

Teachers should keep this vision of the upward spiral in mind, and should ask themselves 
during every instructional unit "How will this help the students get to Algebra and Geometry?" 

Mathematics is a distinct discipline which involves distinctive thought processes. It cannot 
be taught in the same way as language arts or social studies. Successful elementary mathematics 
curricula, and successful teaching, reflect the uniqueness of mathematics by adhering to the 
following three principles. 

Steady incremental development - More then any other subject, mathematics builds on itself. 
Know ledge of addition is necessary for learning multiplication, multiplication is necessary for 
division, division is necessary for fractions, and all are needed for algebra. Mathematics is 
learned step-by-step, with each carefully placed step building on previous knowledge. Curricula 
that do this are called coherent. 

Teachers must take care that the steps are in the correct sequence, that everything done in 
class is a step forward, and that the steps are small - small steps are most easily taken. In 
this book we call these small steps "teaching sequences." These small steps are the precursor 
to proofs in later grades. Larger steps that occur over more than one grade level are called 
"curriculum sequences" because they move students closer to the two overall goals mentioned 
above. 

Everything in math makes sense - The ideas of elementary mathematics are simple, logical, 
and intuitive. Furthermore, different topics are completely consistent with one another. For 
example, once one knows how to add any two whole numbers, it is not difficult to see how to 
add decimals. Teaching becomes easier when the simplicity, intuition, and consistency of the 
subject is brought out. 

With that in mind, effective teachers present new ideas in a simple, direct way that helps 
students make sense out of mathematics. They then provide problems, beginning with easy 
ones, which allow the students to absorb and internalize the new idea. They slow down and 
review whenever students are not understanding. At the same time, they guard against reducing 
mathematics to a set of "rules to be learned'', and are careful never to make simple mathematics 
appear complicated. 

Practice - The need for practice and repetition has always been obvious to teachers. Here, for 
example, is a well-known educator from 100 years ago: 

Repetition progressively frees the mind from attention to details, makes facile the 
total act, shortens the time, and reduces the extent to which consciousness must 
concern itself with the processes [29, pg. 104]. 
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For example, a simple second grade word problem that involves finding 6 + 7 will be very 
difficult for the student who is not adept at simple ddition. That student will have to focus 
complete attention on finding 6 + 7 and will have n energy or attention left to focus on the 
important skill to be learned from the problem, nam ly how to move back and forth between 
the real world situation of the word problem and the nderlying arithmetic problem. 

Cognitive psychology confirms this. Interesting and varied experiments demonstrate that 
our short-term memory is quite limited: we can si ultaneously retain only 6-8 items in our 
"working memory". Complex situations c.an be handl d only by filling short term memory with 
procedures. Thus students must be able to find 6 + quickly enough to be able to keep it in 
memory as a single item. Such abilities come only t ough practice and repetition. 

For these reasons, practice is an integral part of learning mathematics at all levels. The 
explanation of cognitive psychologist Steven Pinker i a contemporary echo of Huey's words: 

The [way] to mathematical competence is si ilar to the way to get to Carnegie 
Hall: practice. Mathematical concepts come fr m snapping together old concepts 
in a useful new arrangement. But those old co cepts are assemblies of still older 
concepts. Each subassembly hangs together b the mental rivets called chunking 
and automaticity: with copious practice, conce ts adhere into larger concepts, and 
sequences of steps are complied into a single tep. Just as ... recipes say how to 
make sauces, not how to grasp spoons and op n jars, mathematics is learned by 
fitting together overlearned routines [36, pg. 34 ] . 

Finally, because it is a distinct discipline, mathe atics requires distinct classroom instruc
tional methods. We briefly mention four daily goals £ r mathematics lessons. These are among 
the many aspects of mathematics which are addressed in teaching methods courses. 

Focus on the mathematics - Actual classrooms hav many distractions and time constraints. 
Teachers should enter into each lesson knowing exac ly what mathematics they want the stu
dents to learn that day and should keep the class focus on that topic. For example, an effective 
lesson on ratios can be built around a series of short, directed word problems. In contrast, an 
extended baking project intended to teach ratios is m re likely to shift students' concentration 
from the mathematics to cookies. 

Thorough coverage - Good teachers adopt the mot o: Do it right the first time, and get all 
students to understand. Because mathematics builds n itself, it is important that it be learned 
thoroughly the first time around. Teaching becomes e tremely difficult when material covered 
in previous years has been mastered by only some of e students. 

Anticipating, detecting and correcting errors - ncorrected errors and misconceptions 
cause frustration and set the stage for future disaster. student who believes that 3 x 4 = 7 will 
not understand anything done with multiplication. A st dent who believes that 1/2+ 1/5 = 2/7 
will never learn algebra. Such misconceptions should e detected and corrected immediately. 

Many student errors can be anticipated by the teac er. When introducing topics and giving 
explanations, an experienced teacher is especially cle about those points which have led stu
dents astray in previous years. A teacher who notices, assifies, and remembers common errors 
will be more successful every year. 
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Building confidence through mastery -Today's schools place considerable value on devel
oping students' self-esteem. This is sometimes interpreted as meaning that students should not 
be given challenging tasks and errors should not be corrected. In mathematics at least, exactly 
the opposite is true: confidence is built through challenge and correction. Mathematics is full 
of skills that seem very hard at first, but can be mastered with a few weeks of effort. Students 
who initially struggle with such a skill but go on to become proficient get a boost of confidence 
and are proud of accomplishing something they know is difficult. 



About the Textbook 

This text is organized around numbers and arithmeti . The topics are covered roughly in the 
order they are developed in elementary school. The fi st three chapters cover most of the arith
metic of grades K-3. Chapters 4 and S jump ahead t topics (prealgebra and prime numbers) 
usually covered in grades 6 and 7; that jump allows us to review ideas about algebra and proofs 
which are needed for a "teacher's understanding" of he subsequent material. Chapters 6 and 
7 return to the original timeline, developing fractions (as is done beginning in grades 3 or 4) 
and the follow-up topics of ratios, proportions, perce tages, and rates. The last two chapters 
complete the development of elementary arithmetic b discussing negative and real numbers. 

The textbook is divided into short sections, each a single topic, and each followed by a 
homework set focused on that topic. The homework s ts were designed with the intention that 
all or most of the exercises will be assigned. Many of the homework exercises involve solving 
problems in actual elementary school textbooks (the Primary Mathematics' books described 
below). Others involve "studying the textbook" - c fully reading a section of the book and 
answering questions about the mathematics being pres nted, with attention to the prerequisites, 
the ordering, and the variety of problems on that topi . Both types of exercises will help you 
develop a teacher's understanding of elementary math atics. 

Supplementary Texts 

This textbook is designed to be used in conjunction with the following five Primary Mathe
matics books (all are U.S. Edition): 

• Primary Mathematics 3A Textbook (ISBN 981- l-8S02-2) 

• Primary Mathematics 4A Textbook (ISBN 981- l-8S06-S) 

• Primary Mathematics SA Textbook (ISBN 981-01-8S10-3) 

• Primary Mathematics SA Workbook (ISBN 981- 1-8Sl2-X) 

• Primary Mathematics 6A Textbook (ISBN 981-0 -8S 14-6) 

All five are part of an elementary mathematics curricul m developed by Singapore's Ministry 
of Education. While initially created for Singapore st dents, they have been adapted for use 
in other countries, including the United States. We wil refer to them as "Primary Math 3A'', 
"Workbook SA'', and so on. They can be purchased rom the distributor in the U.S. at the 
website www. singaporemath. com. 
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The Primary Mathematics series is printed as one course book per semester, each with 
an accompanying workbooks. The semesters are labeled ·~ and 'B' , so '5~ refers to the first 
semester of grade 5. In each grade, the first semester focuses mainly on numbers and arithmetic, 
while the second semester focuses more on measurement and geometry. 

Why the Primary Mathematics books? 

The aim of this course is to develop an understanding of elementary mathematics at the level 
needed for teaching. The best way to do that is to study actual elementary school textbooks and 
to do many, many actual elementary school mathematics problems. The Primary Mathematics 
books were chosen for that purpose. 

We will read and study these books with two goals in mind: understanding the mathemat
ics and understanding the curriculum development. The Primary Mathematics books give an 
extraordinarily clear presentation of what elementary mathematics is and how it is organized 
and developed. They lay out the subject in depth, and they include a rich supply of exercises 
and word problems. The mathematics is always clean and correct, and topics are repeatedly 
covered from different approaches. Viewed from a broader perspective, these books provide 
much useful guidance about curriculum issues. They exhibit the principles of a well-designed 
curriculum better, it seems, than any textbook series currently available in English. 

It is not surprising, then, that the Primary Mathematics books are also successful with chil
dren! The Third International Mathematics and Science Study (TIMSS) rated Singapore's el
ementary students the best in the world in mathematics (it also found that the curriculum is 
highly coherent). These beautifully designed books are a major factor in student success. 

As you read and do problems from these books, notice the following: 

1. The absence of clutter and distraction. These books contain mathematics and nothing but 
mathematics. The presentation is very clean and clear, and is done using simple, concise 
explanations. 

2. The coherent development. Each topic is introduced by a very simple example. It is then 
incrementally developed until, quite soon, difficult problems are being done. Topics are 
revisited for 'review' and the level of the mathematics is constantly ratcheted upward. 

3. The short, precise definitions. The children pictured in the margins give the precise 
definitions and key ideas in very few words. These 'student helpers' often clearly convey 
an idea that might otherwise take an entire paragraph! 

1 unit 

I I I I I 
-----------j Divide 1 unit into 10 equal parts. 

Each part isi1
0 

or 0.1. 
'---..--' 

0.1 

4. The "concrete =} pictorial =} abstract" approach. This approach produces very clear 
introductions to topics. 
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5. The books serve as teacher guides. The book make the mathematical content of each 
lesson clear to the teacher and help teachers p an lessons. They also provide examples 
and activities to be done in class and allow teac ers flexibility in designing lessons. 

The first of the above points should be stressed. T e Primary Mathematics books are delib
erately focused. They contain no distracting extras s ch as long introductions and summaries, 
biographical stories, explorations, or discussions of n n-mathematical topics. Homework is rel
egated to workbooks, and group projects and explor tions are put in separate teacher guides. 
The pictures effectively convey meaning; they are t stylistic extras. The judicious use of 
white space makes the books easy and enjoyable to ead. These short textbooks keep young 
students focused on learning mathematics. 

If you compare the Primary Mathematics books to other elementary textbooks, you will ap
preciate these points. Many textbooks feature distracti g side-bar messages, unnecessary draw
ings, showy photographs and highlighted boxes, and requent font changes. The mathematics 
is obscured and perhaps lost altogether. 

Study and enjoy these books - and keep them! 
will be a valuable resource, helping with explanatio 
guidance in how to present mathematics. 

Reading this Textbook 

en you become a teacher, these books 
s, providing extra problems, and giving 

Students reading the Primary Mathematics books interact with the books at the places in
dicated by colored boxes. As explained in the prefac of each book, the colored 'patches' are 
prompts for student participation and class discussio s. The prompts occur in relatively easy 
exercises, where they encourage active learning and all w students to check their understanding. 

Similarly, this textbook includes "learning exerc ses" embedded in the text, many with 
blanks or boxes D of various sizes prompting you t answer. Some of these exercises will 
be discussed in class, but you will usually encounter th m while reading on your own. Do these 
exercises as you read! Most only take a minute or tw . Write your answers next to the boxes 
(the boxes themselves are usually not large enough to hold answers). These exercises are de
signed to clarify the text. Some mathematical ideas ar difficult to communicate in words, but 
quickly become clear by doing problems. 

That same principle - that mathematics is best le ed by solving problems - applies to 
the course as a whole. Read each section of the textbo k, but leave plenty of time for doing the 
homework sets. They are the most important part of th course. 

The Homework Sets 

This course is built around homework problems fr m the Primary Mathematics books. As 
you do homework, bear in mind that your goal is not m ely to do the problems as a child would. 
Rather, your goal is to study the problems from the pe spective of a teacher. Teachers must be 
able to identify the key steps in solving a problem so th y can guide and prompt students. They 
must also be able to give clear, grade-appropriate pres ntations of solutions. Try to bring out 
these teaching aspects of problems in your homework olutions. In general, 
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Make your answers clear, concise, legible, and simple. They should look like an answer key to 
be handed out to an elementary school class. 

This idea - clear, concise solutions - is one of the main themes of this course. You will 
learn many tricks and teaching devices which will help you craft such solutions, including mod
els (introduced in § 1.1), number bonds (§ 1.4), bar diagrams (§2.2), and "Teacher's Solutions" 
(§2.3). These devices convey mathematical ideas without words, making short explanations 
possible. In mathematics, longer explanations are often more confusing. Consequently, you 
should avoid writing out paragraph-long explanations - short solutions are less work for you 
and are clearer to students (and to your instructor!). If you practice brevity in your home
work solutions you will find yourself becoming increasingly comfortable giving teacher-quality 
mathematical explanations. 

Mathematics not covered 

In addition to the arithmetic topics covered in this book, elementary mathematics includes 
a second main set of topics centered on measurement and geometry. The authors' textbook 
Elementary Geometry for Teachers (ISBN 978-0-9748140-5-6) presents the topics below in the 
same style and format as this book. The two textbooks are designed to be used together for a 
one-year college mathematics course for elementary teachers. 
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1.1 Counting 

CHAPTER 1 
Place Value and Mod Is for Arithmetic 

Young children love to count! Teachers should get th m started immediately by having them 
count, measure, add, and subtract at every opportunity. Mathematics is a language and a way of 
thinking. Early exposure is enormously beneficial. 

Teaching beginning arithmetic might appear to be traightforward, but it requires a surpris
ing amount of 'teacher knowledge'. Specialized teache knowledge is needed because numbers 
are so deeply ingrained in our adult minds that it is n easy to anticipate where children may 
run into difficulties. Beginning arithmetic is difficult to teach precisely because it is so familiar! 

This chapter focuses on the foundational topics of arithmetic covered in grades K-2. The 
main challenge of that material is the difficulty associat d with the idea place value. Place value 
is described in Section 1.2. The chapter continues w th a first look at addition, subtraction, 
multiplication, and division. Along the way we intr duce models, teaching sequences, and 
thinking strategies which clarify the mathematics. 

Teacher education builds on such subject-matter owledge. An addendum at the end of 
this chapter describes the classroom methodology pert ning to mathematics that you will learn 
in the Teacher Education courses that you will take afte completing this course. 

Mathematics begins with counting. The numbers we use to count are called the whole 
numbers. Because the number of objects is sometimes zero ("how many elephants are in this 
room?"), the whole numbers begin with zero. 

DEFINITION l. l. The numbers 
I 

o, 1,2,3, ... 
I 
' i 

(beginning with zero!) qre called whole numbers. 
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cardinal numbers 

ordinal numbers 

Whole numbers are used for two distinct purposes. When whole numbers are used to count 
objects they are called cardinal numbers. When they are used to put items in order their names 
are modified slightly ("first, second, third, ... ")and they are called ordinal numbers. 

A number is an abstract idea. We can speak of '3 apples' or '3 people', but when we say 
simply '3' or '3 + 3 = 6' we mean something more abstract. Fortunately, that abstraction is 
innate - it is built into our brains. In fact, it has been shown that apes, dolphins, and even 
parrots understand small numbers [35]. As for humans, three-year-olds easily learn to count, 
and 943 of all entering kindergarten children can count to 10 and read one-digit numbers [58]. 
Thus teachers need never worry whether students are "developmentally ready" for numbers -
they are. What is required is daily exposure and practice. Furthermore, children learn quickly; 
three-year-olds are capable of learning 10-15 new words a day. This is remarkably effortless; 
children do not 'memorize' new words and new concepts, they simply assimilate them. Young 
children can easily be taught to count into the hundreds. 

Numbers are initially taught by 

• counting chants, including "skip counting" by twos, fives, and tens, and 

• counting exercises with objects and pictures. 

Learning to count up to and beyond 100 by twos, fives, and tens is an important step in devel
oping number sense and solidifying understanding of the place value concepts discussed in the 
next section. Skip counting skills also provide a springboard for learning multiplication and 
division. 

Numbers arise in one of two broad settings, usually called the set model and the measure
ment model. 

Set Model - Here one counts discrete objects. The answer must be a whole number. 

Five apples Seven fish Twelve objects 

Measurement Model - Here one thinks of a scale along which one measures a quantity 
such as distance, time, or weight. The answer often is not a whole number. 

0 

015soc ~ I 

~~ t:~ Home School 

I I I I I I ~ 
0 1 2 3 4 5 miles 
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Thus the question "How many people are in this lass?" asks us to use a set model, while 
the question "How high is the ceiling?" asks us to us a measurement model. Sometimes both 
models can be used. 

Below is the first of many "reading exercises" yo will encounter in this textbook. Answer 
these as you read. They are designed to help you und rstand the text. 

EXERCISE 1.2. Identify whether the following questi s are most naturally illustrated using a 
set model or a measurement model. 

(a) How many eggs are in a one-dozen carton? 

(b) How many feet tall is the Sears Tower? 

(c) How many people are there on earth? 

(d) How many months have passed so far in the ne millennium? 

( e) How many red shirts do you own? ------+--

These examples show that there is an underlying 
or unknowable, as in (c), and when the question needs 
shirts?). Also notice that some questions can fit both 
one takes: in (d) one can think of a timeline or of c 
combinations and variations of these two models. 

odel even when the answer is unknown 
larification, as in (e) (do you count pink 

odels depending on the point of view 
endar pages. Later we will see useful 

Using the set model, students can also count group of objects. This is a prelude to begin
ning multiplication. 

4 groups of 10 egg 

The set model can be formalized by "Set Theory" a mathematical subject where words 
such as union, intersection, and inclusion are defined. But that level of rigor is not useful in 
elementary schools. Thus for us the word 'set' will hav its common English meaning: a group 
of objects. 

The simplest version of a measurement model is the number line. 

0 1 2 3 4 5 6 7 8 
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The number line is the most useful model in all of mathe
matics! This single picture shows the whole numbers in or
der. It illustrates their relative magnitude (how far to 100? 
1000?). It also leads naturally to fractions (what is between 
two whole numbers?) and negative numbers ("what is to the 
left of zero?"). In fact, the number line is the only model 
that continues to work as elementary school mathematics pro
gresses through whole numbers, fractions, and on to negative, 
rational, and irrational numbers. 

We will use both the set and measurement models throughout this textbook - they will 
soon be very familiar! The models complement each other; in topic after topic, conceptual 
understanding depends on seeing problems using both models. Familiarity with the models will 
enable you, as a teacher, to ensure that your students see the needed breadth of problems. 

Numerals 

While the idea of numbers is natural, there are many ways of writing them. We write 
numbers using symbols called numerals. Throughout history, dozens of numeration systems 
have been devised. For teaching purposes it is important to understand the logic that led to our 
present system. That can be done by looking at three systems, beginning with the simplest and 
most ancient. 

Tallies. The simplest and most intuitive way to record numbers is by tallies: \, \ \, \ \ \, \ \ \ \, .... 
But that very quickly becomes cumbersome - try writing 73 ! 

Egyptian Numerals. The ancient Egyptians used tally marks I for the numbers up to 9, but 
then introduced new symbols 

n ("heel") for 10 tallies, 

<? ("scroll") for 100 tallies, and 

~ ("lotus") for 1000 tallies. 

Thus, for example, 'one thousand three hundred thirty four' could be written as 

~<?<?<?nnn1111 

This is shorter and clearer than tallies, but is still cumbersome for some numbers - try writing 
989! 

Decimal Numerals. These are the numerals we use. With just ten symbols - the digits 
0, 1, 2 ... 9 - any number, no matter how large or small in magnitude, can be represented. The 
trick for this is seen in the conversion from Egyptian numerals. 

<? <? <? nnnnn I I I I 

1 '1 1 
3 5 4 



millions 
billions 
trillions 

quadrillions 
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Each digit records the number of units of a cert n value and that value (ones, tens, hun
dreds ... ) is recorded by the position of the digit. This use of position is called the place value 
system. Position indicates values without any additi nal marks on the page. Each position 
within the number has an assigned value: beginning o the right there is the ones place, the tens 
place, the hundreds place, etc. Notice that this scheme equires the use of zero as a place holder 
digit to distinguish, for example, 2030 from 23. 

DEFINITION 1.3. Place value refers to the fact that 'n our numeration system the value of a 
digit is specified by its position within the number. (R r example, the first 3 in 3437 has a value 
of three thousand while the second 3 in 3437 has a va ue of thirty.) 

The decimal numeral system has important advant ges. 

1. It easily records very large numbers, such as 

~ ,~,~, 23, ~,e 

To make large numbers easier to read, commas e inserted every third digit. 

2. It extends to a way of recording numbers to any esired accuracy, as in 126.3807. 

3. There are easy methods of adding and subtracti decimal numerals, and multiplication 
and division are much easier than with other nu eral systems (in the ancient world mul
tiplication was an art practiced only by highly tr 'ned scribes). 

4. It is used throughout the world. 

There is a price to pay for this convenience: decim 
tian numbers. Place value is tricky to learn and causes 
will discuss this further in the next section. 

numerals are more abstract than Egyp
any problems in the early grades. We 

Finally, Roman numerals are a useful topic in ele entary school. The book of Adler [I] 
gives a clear and entertaining explanation for students; other expositions can be found on the 
internet. Here is a short explanation. 

Roman numerals parallel Egyptian numerals using ur basic symbols 

I for I, 
X for 10, 
C (as in 'century') for 100, 
M (as in 'rnillenium') or 1000. 

Thus "one thousand two hundred thirty-four" is writte as MCCXXXIIII. To shorten the 
notation, the Romans added new symbols for intermedi te values: 

V for 5, L for 50, D for 500. 



6 • CHAPTER 1. PLACE VALUE AND MODELS FOR ARITHMETIC 

Using this shortcut, we can write 'seven' as VII instead of IIIIIII, and "one thousand six 
hundred eighty-six" as 

MDCLXXXVI. 

The numerals are written in order, beginning with the one with the largest value. Around 100 
AD. the numerals were further shortened through the use of the "subtractive principle", in 
which symbols that appear before their expected position count negatively. Specifically, I I I I 
was shortened to IV, VIII I shortened to IX, and 40, 90, 400 and 900 were written as XL, 
XC, CD and CM respectively. "One thousand nine hundred and ninety-seven" was thought 
of as M +CM+ XC +VII, so written as MCMXCVII. To read such numerals, move 
from left to right, forming pairs whenever the value of the symbol increases. 

Homework Set l 

1. Make the indicated conversions. 

a) To decimal: nnn\1111\\I, ~~~<?<?n\11, 
~~n11, ~~nnn 

b) To Egyptian: 8, 37, 648, 1348 
c) To decimal: MMMDCCXXXIII, MCMLXX, 

MMLIX, CDXLIV 
d) To Roman: 86, 149, 284, 3942 

2. Write the number 824 7 as an Egyptian numeral. How 
many fewer symbols are used when this number is writ
ten as a decimal numeral? 

3. a) Do column addition for the Egyptian numerals below. 
Then check your answer by converting to decimal numer
als (fill in and do the addition on the right). 

<?nnn11111 
+ <?<?<?nnnnnn1 + 

Write a similar pair of column additions for 

b) 273 + 125 and 
c) 328+134. 

135 

d) Write a sentence explaining what you did with the 
12 tallies that appeared in the sum c) in Egyptian nu
merals. 

4. Make up a first-grade word problem for the addition 7 + 5 
using a) the set model and another b) using the measure
ment model. 

5. Open Primary Math 3A to page 12 and read Problems 1 
and 2. Then wri!e the following as decimal numerals. 

a) 6 billion 3 thousand 4 hundred and 8 

b) 2 quadrillion 3 billion 9 thousand 5 hundred 6 

c) 230 hundreds 32 tens and 6 ones 

d) 54 thousands and 26 ones 

e) 132 hundreds and 5 ones. 

6. Write the following numerals in words. 

a) 1347 
c) 7058 
e) 67,345,892,868,736 

b) 5900 
d) 7 ,000,000,000 

7. Multiply the following Egyptian numerals by ten without 
converting or even thinking about decimal numbers. 

a) b) n c) <? 

d) <?nl e) nn\11 

8. a) Fill in the missing two comers of this chart. 

<?nnn11 
lxlO 

132 

1 xlO 

b) Fill in the blanks: to multiply an Egyptian numeral 

by 10 one shifts symbols according to the rule I ----+ 

c) To multiply a decimal numeral by 10 one shifts ... 
what? 
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1.2 The Place Value Process 

Our decimal system of recording numbers is inge · ous. Once learned, it is a simple, versa
tile, and efficient way of writing numbers. The syste first came into use in the Middle East 
around 500-800 A.D. (decimal numerals are also calle Hindu-Arabic numerals). The system's 
advantages were so clear that it spread throughout the orld and played a decisive role in the de
velopment of commerce and science. The decimal sys em is now used by all modem societies. 
It is one of the most significant intellectual advances i human history. 

But the system is not obvious nor easily learned The use of place value is subtle, and 
mastering it is the single most challenging aspect of el mentary school mathematics. Ironically, 
those challenges are largely invisible to untrained p ents and teachers - place value is so 
ingrained in adults' minds that it is difficult to appreci te how important it is and how hard it is 
to learn. This section describes the structure and pitfall of the place value system and alerts you 
to the hurdles it presents to elementary school childre . The points made here, and variations 
on them, occur repeatedly in later sections. 

Decimal notation suggests a specific process for c unting. Suppose you are given a large 
pile of sticks and asked to count them and write the tal as a decimal numeral. One way is 
to make bundles of 10 sticks ("tens bundles"), tying t em together with a ribbon and making 
as many such bundles as possible. Next, tie tens bun es together into bundles of 100 sticks 
each ("hundreds bundles"), making as many hundreds bundles as possible. Continue, making 
"thousands bundles", etc., until no new bundles can b created. In the end, you have bundles 
consisting of 1, 10, 100, etc. sticks; we call these bu dle sizes denominations. The decimal 
numeral is formed by counting the number of bundles of each denomination as shown in the 
picture below. 

Hundreds 

(
r; hundreds :r tens 4 ones 1 

two hundred fifty-four. 
·~~~-~ ._ 
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Addition of decimal numerals involves a similar process. Suppose you are given two piles 
of sticks, already tied into ones, tens, and hundreds bundles, and are again asked to write the 
total as a decimal numeral. One way is to push the piles together and rebundle. For example, 
if there are 13 tens bundles, you can tie 10 of them together to make a new hundreds bundle. 
You can continue rebundling until there are at most 9 bundles of each denomination. With that 
done, you need only count the number of bundles of each denomination and record the decimal 
numeral. 

Both of the situations above are examples of the following three-step "Place Value Process". 

The Place Value Process 

(i) Form bundles of 1, 10, 100, 1000, etc. 

(ii) If necessary rebundle to ensure that there are at most 9 bundles of each denomination. 

(iii) Count the number of bundles of each denomination and record that number in the appro
priate position. 

Step (i), forming bundles of different sizes and naming the bundles, is something that the 
human brain is good at. For example, children have little trouble understanding that a dime 
is worth 10 pennies, and a dollar is worth 10 dimes. The interaction between Steps (ii) and 
(iii) is more difficult. The thinking involved in Steps (ii) and (iii) is more than just counting 
and naming - it is a specific mental procedure for organizing our counting. That procedure 
underlies nearly everything in arithmetic. It must be learned and mastered. 

EXAMPLE 2.1. Here are three types of problems which help develop place value skills in grades 
K-3. 

(a) Counting by tens: "10, 20, 30, ... ". Counting by tens is much easier than counting by 
nines! We need only count bundles of tens just as we count ones and record the answer 
as in Step (iii). 

(b) Switching decades: what comes after 39? 89? The number after 39 is not "thirty-ten", we 
must rebundle (Step (ii) of the place value process). 

(c) What number is 20 more than 532? To answer we add 2 bundles of ten and record the 
answer as in Step (iii). That can be done by skip-counting by tens: 

532 542 562 

The place value process can be demonstrated using number chips and illustrated by pictures 
of number chips arranged in columns (number chips are disks with clearly displayed values of 
1, 10, 100, and 1000). Notice the use of zero as a placeholder in the following example. 
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Hundreds 

@ @ 
@ @ 

4 

Tens 

0 

Ones 

"Chip Model" 

5 
Such 'chip model' pictures make clear that underlyin every numeral are place value 'columns' 
which carry the values ones, tens, hundreds, etc. (den minations). 

Another good way of clarifying place value cone pts is to expand numbers as sums which 
explicitly show the value associated with each digit. hus 3784 can be written as follows. 

3 thousands + 7 hundreds + 8 tens + 4 ones } 

3000 + 700 + 80 + 4 

Many elementary textbooks (in
cluding Primary Mathematics) 
illustrate expanded form using 
overlapping cards. Such cards 
are useful in the classroom. 

"Expanded Form" 

Coins or expanded form show that decimal nume s add by the simple principle: add the 
hundreds, tens and ones separately. For example, 

(2hundreds+4tens+2ones) + (3hundreds+2tens+ ones) = (5hundreds+6tens+3ones). 

Chip model pictures organize this into column additi n in a way that parallels what you did 
· with Egyptian numbers in the homework for the previ us section. 

EXAMPLE 2.2. Add 242 + 314. 

_,Hundreds . . >-.Tens. ; .. Ones .. 

@ @ 
@) @) 

CD CD @) @) 
...... -- .. - .. .. .. --- .. --- .. -- .... -- .. 
@ @ 

@) 
CD CD 

@ CD CD 

242 
+ 314 
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Notice that in this particular example there is no logical reason to add the ones first - the 
columns can be added in any order. That is true because this example does not involve Step (ii) 
of the place value process - it avoids the complications of "rebundling" or "carrying". 

The place value process is particularly important in multiplication. We can multiply any 
number by 10 by appending a zero, and we can multiply by 100 by appending two zeros. This 
important idea is not obvious to children. It is not a mathematical fact about multiplication. 
Rather it is a feature of the special role of the number 10 in our numerals, namely that the 
place value units, ones, tens, hundreds, ... , are each 10 times as large as the previous unit. This 
principle can be explained and used in a variety of ways. 

• Multiplying by 10 and 100: 

4 x 10 

13 x 10 

7 x 100 

578 x 10 

4 tens = 40, 

13 tens = 130, 

7 hundreds = 700, 

( 5 hundreds + 7 tens + 8 ones) x 10 

(5 thousands+ 7 hundreds+ 8 tens) 5780. 

• Multiplying by multiples of 10: 

60 x 7 = (6tens) x 7 = (6 x 7) tens= 42tens = 420. 

Such problems provide useful methods for quick calculations and build familiarity with the 
place value process. 

You can see the place value skills being developed in Primary Math 3A pages 6 - 17, 
extended to larger numbers in Primary Math 4A pages 6 - 11 and further extended in Primary 
Math SA pages 6 - 10 (you will study those sections in the homework). Many of the problems 
in those sections quite clearly focus on the place value process, but there are also problems 
whose connection with place value is more subtle, most notably those which ask the student to 
order numbers. 

EXAMPLE 2.3. (a) Which is larger, 75 or 57? 

(b) Put the numbers 543, 453, and 345 in order, beginning with the smallest. 

To answer such ordering questions one must reverse the place value process, in effect writ
ing the number in expanded form and thinking about the relative sizes of the units (ones, tens, 
hundreds, ... ). This is nicely illustrated in Primary Math 3A, page 10, Problem 7 - have a 
look. The problems on pages 10 and 11 lead students to discover the principle that to compare 
two numbers one should look first at the digits with the highest unit value. Generally, problems 
asking about comparing and ordering numbers force students to think hard about the place value 
process. They are also a useful assessment tool as we will point out at the end of this section. 

More difficult place value skills involve Step (ii) of the place value process: rebundling (the 
term regrouping is also commonly used). Rebundling works in two directions. These can be 
explained by referring to the coin model pictures. 
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1. (Composing a ten) When there are more than 9 coins in a column we compose a ten by 
bundling 10 together and moving them to then xt column. Thus to find 17 + 15 we add 
the tens and the ones to get 2 tens + 12, then r roup to get 3 tens + 2 = 32. 

2. (Decomposing a ten) In subtraction, when w have fewer coins of some denomination 
than we require, we are free to decompose a t by taking a coin from the column with 
the next higher value and converting it to 10 co ns of the required denomination. Thus to 
find 43 - 15 we first regroup to think of 43 as 3 tens+ 13) - (1 ten+ 5), then subtract 
the tens and the ones to get 2 tens + 8 = 28. 

These two ways of regrouping are the mathemati al underpinnings of carrying in column 
addition and borrowing in column subtraction. The also occur in some of the Mental Math 
strategies we will discuss in Section 2.1. 

Regrouping often occurs as one step in a multi-ste calculation. The simplest such problems 
involve combining regrouping with just one other skil . It is especially important to understand 
regrouping with tens combinations. 

"Tens Combina ions" 

While the tens combinations are facts about single di "t numbers, they are especially useful in 
multi-digit problems involving regrouping. For examp e, 

, ' 
74 + 6 = 74/t- 6: = 70 

A/ 
70 ( 4 / 

' ........ 

10 80. 

EXERCISE 2.4. What is 80 - 7? Write your solution ·n several steps which, as above, make 
clear how to solve this using regrouping and a tens co 

The Primary Mathematics textbooks also develop nd use "hundreds combinations" with 
multiples of 5, such as 35 + 65. Like tens combinati ns, these are surprisingly useful. For 
example, if you buy a carton of milk for $1.85 and give the cashier $5, your change will be 

$5 - $1.85 = 4 dollars - 85 cents = 3 doll + (100 - 85) cents = $3.15. 

When done mentally, such problems promote underst ing of place value. 

Looking back over this section, you will see that ere are distinct levels of applications 
of the place value process. The simplest problems us only Steps (i) and (iii). The hardest 
problems require using all three steps in the course o a larger calculation. In between are 
problems that combine regrouping with one other skill. Thus the three steps of the place value 
process are often not equally difficult - Step (ii) is athematically more sophisticated and 
harder to learn. 
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Using the principle of "steady incremental development" described in the preface, teaching 
should proceed from easiest, to intermediate difficulty, then to hardest. In that way students face 
only one conceptual difficulty at a time. At each stage they learn a new skill and integrate it with 
their previous skills. The following problems represent three levels of place value problems for 
subtraction beginning with the simplest and first taught (do these!) . 

746 - 400 = ---

No regrouping 

.... -.. \ 

400 ,':_ 99 : = /,, / ---
300: 100 / 

' ' ' _, 

Simple regrouping 

413 - 157 

Complex regrouping 

Notice that the levels are determined by the underlying mathematics: the mathematics de
termines the teaching sequence. In later sections we will see many instances where the math
ematical aspects of a topic determine the teaching order. For those topics we will examine the 
conceptual difficulties and discuss how the mathematics can be systematically organized in a 
'teaching sequence' that breaks the topic into a series of incremental steps leading to mastery. 

In the teaching profession, the term 'place value' is frequently used in a broad sense. The 
phrases 'place value concepts', 'place value issues', and 'place value difficulties' refer to those 
aspects of a particular mathematical topic which require attention to the position of digits, or 
which stem from the special role that the powers of 10 play in our numerals. 

A simple example of a teaching issue involving place value is transposition of digits. When 
students begin to write numbers in kindergarten and grade 1, they will sometimes say '17' as 
they write '71'. This may be due to carelessness, to confusion about place value, or to the fact 
that left-to-right writing is not yet deeply ingrained. In your teaching methods courses you will 
learn that the last difficulty generally disappears as the student becomes more proficient at read
ing and writing. You will also learn tricks teachers can use to assess student understanding. For 
example, in this case the teacher can very easily determine whether the student can distinguish 
' 17' from '71 ' by pointing to the '71' and asking "what is the number after this one?" or " is 
this number greater than 20?". Such an on-the-spot assessment is simple, effective, and obvious 
to a teacher who understands the importance of the mathematical idea of place value. 
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Homework Set 2 

Study the Textbook! In many countries teachers study the textbooks, using t em to gain insight into how mathematics 
is developed in the classroom. We will be doing that daily with the Primar Mathematics textbooks. The problems 
below will help you study the beginning pages of Primary Math 3A, 4A and A. 

1. Primary Math 3A begins with 11 pages (pages 6 - 17) 
on place value. This is a review. Place value ideas were 
covered in grades 1 and 2 for numbers up to 1000; here 
those ideas are extended to 4-digit numbers. Many dif
ferent ways of thinking about place value appear in this 
section. 

a) Read pages 6 - 9 carefully. These help establish 
place value concepts, including chip models and the 
____ form of 4-digit numbers. 

b) The problems on page 10 use chip models and ex
panded form to explain some ideas about putting 
numbers in order. The picture at the top of page 10 
helps students see that to compare 316 and 264 one 
should focus on the digit in the __ place. 

c) The illustrations comparing 325 and 352 show that 
when the first digits are the same, the ordering is 
determined by what? Why did the authors choose 
numbers with the same digits in different orders? 

d) Parts (a) and (b) of Problem 7 ask students to com
pare 4-digit numbers. What place value must be 
compared for each of these four pairs of numbers? 

e) What digit appears for the first time in Problem 8a? 
f) Solve Problems 9, 11, and 12 on pages 10 and 11. 
g) On the same two pages, list the two numbers which 

answer Problem 10, then the two numbers which an
swer Problem 13. 

2. a) Continuing in Primary Math 3A, explain the strategy 
for solving Problem 14a on page 11. 

b) What is the smallest 4-digit number you can make 
using all of the digits 0, 7, 2, 8? 

c) Do Problem 5 on page 12. This is a magnificent 
assortment of place-value problems! Write the an
swers as a list: 1736, 7504, ... , omitting the labels 
(a), (b), (c), etc. We will refer to this way of writing 
answers as list format. 

d) Do Practice 1B on page 13, answering each of the 
five problems in list format. Note that Problems 3 
and 4 again use numbers with the same digits in dif
ferent orders, forcing students to think about place 
value. 

e) Read pages 14 - 16, answering the problems men
tally as you read. These show students that it is easy 
to add 10, 100, or 1000 to a number. On page 15, 
the top chip model shows that to add 100 one needs 
only to think about the digit in the hundreds place. 
The bottom chip model shows that to 
one need only think about the digit. 

3. Read pages - 11 in Primary Math 4A, doing the prob
lems mental y as you read. 

a) Do Pro lem 3 on page 9 in your Primary Math book 
(do not copy the problem into your homework). The 
proble is self-checking, which gives the student 
feedba k and saves work for --· 

b) Do Pro lems 4 and 5 on page 9. These extend place 
value ards and chip models to 5-digit numbers. 
Fourth- raders are ready for large numbers! 

c) Do Pro lem 7 on page 10. Part (a) asks for a chip 
model s in Problem 6. This problem shows one 
'real li ' use of large numbers. 

d) Answe Problem 8a on page 11 in list format. This 
asks st dents to identify unmarked points on the 
numbe line. 

e) Do Pro lem 10 mentally. The thinking used to solve 
part (a) can be displayed by writing: 6000 + 8000 = 
(6+8) housands = 14, 000. Write similar solutions 
for part (c), (e) and (g). 

4. Read pages - 9 of Primary Math 5A, answering the 
problems m ntally as you read. Write down solutions to 
Problems la h, 2e, 3e, 4cf, 5q:, and 6c on page 10. 

5. a) Study age 15 of Primary Math 5A. Write the an
swers t Problems 1, 3, and 5 on page 16 in list for
mat. 

b) Study p ge 17 and Problem 2 on page 18. Write the 
answer to Problems 1 and 3 on page 18 in list for
mat. 

6. In decimal n merals the place values correspond to pow-
ers of ten (1 10, 100, 1000 ... ). If one instead uses the 
powers offiv (1, 5, 25, 125, ... )one gets what are called 
'base 5 num rals'. The base 5 numeral with digits 2 4 3, 
which we w teas (243)5 for clarity, represents 2 twenty
fives + 4 fiv +3 ones=73. To express numbers as base 
5 numerals, ink of making change with pennies, nick
els, quarters, and 125¢ coins; for example 47 cents = 1 
quarter+4 ni els+ 2 pennies, so 4 7 = ( 142 )5. 

a) Convert (324)5 and (1440)5 to decimal numerals. 

b) Convert 86 and 293 to base 5 numerals. 

c) Find ( 4 3)5 + (123)5 by adding in base 5. (Think of 
separate y adding pennies, nickels, etC., rebundling 
whenev r a digit exceeds 4. Do not convert to deci
mal nu erals). 
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1.3 Addition 

sum 
addend 

summand 

Addition is an operation that combines two numbers, called the addends or summands, to 
form a third, called the sum. Addition arises in the set model when we combine two sets, and in 
the measurement model when we combine objects and measure their total length, weight, etc. 

' 

.. ~---·3ft--....L ·" , r--..... , 
,"'(·----- 4ft ·---·->-' 

.. - .......... ? .................. ""'!""',' 

One can also model addition as "steps on the number line". In this number line model the 
two summands play different roles: the first specifies our starting point and the second specifies 
how many steps to take. 

~ 

I I I I I I I I I I I I > 
0 1 2 3 4 5 6 7 8 9 10 11 

8+3=0 

Addition and subtraction are taught together, with subtraction lagging addition. It is helpful 
to think of three main stages: a short introductory stage, a long development stage, and a short 
concluding stage focusing on the algorithms (see Chapter 3). The timeline below is the one 
followed by the Primary Mathematics Curriculum. American programs go somewhat slower, 
and in all programs the stages overlap. We will discuss the first ~wo stages in this section, and 

the third in Section 3.1. _ ~";;-- ~\, ~~,.7~ 
lei ~' /·· ~ ~/~ rrr-..JI 

O ~') ID~ k~ ~ 
I I 7& f3j 

K 2 3 
Grades 

Addition Introduction Development & Practice Algorithm 

Subtraction I Introduction I Development & Practice~ Algorithm I 

In the introductory stage children learn the meaning of addition by doing problems based 
on all three models: set, measurement, and number line. This involves some activity with 
manipulatives (counting coins and measuring with a carpenter's tape measure are two excellent 
activities). But mostly it involves picture problems asking for sums in a great variety of contexts. 
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At this stage it is the variety of models and context , not the difficulty of the problems, that 
builds understanding. 

The goal of this stage is to get students to mani late numbers, not objects, and to move 
beyond counting. Thus as students move through thi introductory stage they are weaned off 
manipulatives and pictures and begin increasingly to do straight arithmetic problems such as 
8 + 4 =?, and simple word problems such as the foll ing. 

EXAMPLE 3.1. Sara had 8 books. Her mother gave he 
How many did she then have? 

DOD D 
Sara then had books. 

Children initially learn to add by "counting-on". o find 6 + 2 the child starts with 6 and 
sile~ counts 2 numbers forward (" ... 7, 8"). Alrea y at this stage one sees the benefits of 
having all the models. The number line model clearl illustrates counting-on and can be used 
to clarify confusion. In contrast, when presented with n addition problem illustrated with a set 
model, children tend to simply count the objects startin with 1, 2, .... With that approach they 
are simply counting, and are not thinking about additi at all! 

Counting-on is an excellent strategy for adding 1, 2, or 3 to a number; with practice, children 
quickly become adept at such additions. However, co nting-on is difficult and frustrating for 
problems, such as 9 + 5 = _, where the second s mmand is greater than 3. The burden 
on short-term memory is too great to ensure consisten ly correct answers. Other str~e 
~ 

The goal of the second stage (labeled 'Developmen & Practice' in the timeline above) is to 
develop a robust understanding of addition with numb rs up to 100 or so. This involves three 
areas which we discuss next: the properties of additi n, thinking strategies for the 'addition 
within 20' facts, and further w0rk on pJace value:- ll three are developed using a mix of ----------- ~ Mental Math problems, worksheets, and short word pr blems. 

Properties of Addition. By definition, addition comb nes numbers two at a time. What, then, 
do we do when faced with a sum of many numbers: 

~'i.'~,_, 
rT -Q/ 

8+9+10+11 = ? 

fP/~9 v <;::}- In the set model for this problem we push together pil s of 8, 9, 10 and 11 objects; it is clear 
r-.... that the piles can be pushed together in any order. 

~cu 

Any-order Property for Addition: A list of whole n mbers can be added in any order. Thus 
. 3 + 6 + 2 can be computed as (3 + 6) + 2 or (2 + 3) 6, etc. 

Notice that in expressions like (3 + 6) + 2 the ord r of addition is indicated by the con
vention that operations inside parentheses are done fi t. This convention is followed in all 
mathematical writing. 
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arithmetic properties 
of addition 

. The Any-order property is one of the first basic principles of addition that children learn. 
It is immediately useful. For example, it is extremely difficult to find 2 + 7 by starting at 2 
and counting-on, but when it is pointed out that this is the same as 7 + 2 the counting is easy! 
Similarly, finding 19 + 14 + 1 is made easy by adding 19 + 1 first. 

Along with the Any-order property, children encounter a second principle at this stage when 
they see problems like 

8+0 = -· 
The idea that "adding zero does nothing" is obvious after it is explained. An explanation is 
necessary because this principle is part of the meaning of what zero is. And the principle itself 
is important, in fact essential, for later place value applications. For example, to find 20 + 18 
by separately adding the tens digit and ones digit, one needs understand that 8 + 0 = 8. 

The words "adding zero does nothing" can be rephrased as "when 0 is added to a number, 
the result is identical to the original number". For this reason, the number zero is sometimes 
called the additive identity. 

In mathematics textbooks the above principles are usually stated as three formal arithmetic 
properties. The properties are: 

• Additive identity property: e.g. 5 + 0 = 5, 
• Commutative property: e.g. 7 + 5 = 5 + 7, and 
• Associative property: e.g. (3 + 7) + 5 = 3 + (7 + 5). 

The commutative and associative properties emphasize two separate aspects of the Any
order property. The commutative property states that, whenever we add two numbers, the order 
of the summands does not matter. In contrast, the associative property is a statement about the 
order of operations; it states whenever we do two successiv~ a.dditions it does not matter which 
is done first. A general reordering requires doing both: · · · 

EXERCISE 3.2. Fill in the blanks to explain why each line follows from the previous. 

(3 + 7) + 5 3 + (7 + 5) . by the associative property 
3 + ( 5 + 7) by the property 
(3 + 5) + 7 by the property. 

Similarly, by repeatedly applying the commutative and associativity properties one can show 
that all of the different ways of adding 4 + 2 + 5 + 7 give the same result. This is tedious and has 
little value for elementary school students. But teachers should understand the point: together, 
the commutative and associative properties imply the Any-order property. 

Thinking Strategies. Thinking strategies are easy methods for solving a problem. One 
thinking strategy was mentioned above: to calculate 2 + 7, find 7 + 2 by counting-on. This 
stage also includes the learning the addition with 20 - all sums from 0 + 0 up to 10 + 10. 

"Addition within 20" is sometimes presented as 121 separate facts to be memorized using 
drill and flashcards. This sounds daunting! But in fact, when taught efficiently, students easily 
master these facts. The trick is to systematically develop thinking strategies and to capitalize 
on childrens' sense of fun and their amazing ability to learn through exposure. The blue boxes 
below outline one such approach; each line names a skill, gives an example, and a comment on 
how it is learned. The first three skills are the ones mentioned above. 



SECTION 1.3 ADDITION • 17 

Adding+!, +2 7+2 = 9 easy by counting-on 

Adding +O 5+0 = 5 trivial, once taught 

pointed out and used. c_vr' ~)'i Commutativity 3 + 9 = 9 + 3 
\oJ .5 r 

Y' o - --

°"', ,y '0 >"~,,:0<)commutativity is not immediately obvious 1-0 chi!dr n, In the beginning they often atre~pt 
~) '\:<Y to find 3 + 9 by countmg-on from 3; the advantages f reversmg the order must be exphc1tly 

~ /~ \ Q._,()"O pointed out. It can also be "discovere " and reinforced by practice sets wfil~P.~~such 
EZO \ ,'!/ as 7 + 2 = _ and 2 + 7 = _ as consecutive pro ems._ ----, 

ti 

II 

~ 
ii i-
() ~ 

IJ l{) ~ 
. -t-

Children become familiar with doubles as they do ddition problems. 

Doubles 3 + 3, 4 + 4, ... ' 9 + 9 learned through practice 

These sums are the even numbers 2, 4, 6, 8 .... Le ing is faster when these facts are given 
"personalities" and illustrated with props: 5 + 5 = 1 is the 'fingers fact', 6 + 6 = 12 is the 
"egg-carton trick", and by a play on words, 8 + 8 = 1 is the "8-carton trick". 

Next come two place-value skills. These are steps toward learning addition of multi-digit 
numbers. 

~ t'\, "" I J - "o -+-- . 
i--- t- ~ ti-. i 

. learned with practic9 ':+ CJ -+- ' 
"-...._ ') ~~ 

Tens Combinations 

. I 

pointe~ out ~d used! 

5 + 5, 6 + 4, 7+ 3, 8 2, 9+ 1 

Adding 10 7+10=17 

~ +- -+- 't 
~ N-.- lri \i-- Again, the easy way of adding I 0 is not obvious to c · dren - why should adding 10 be any 
~ i- -+- easier than adding 9? Like other place value issues th is surprisingly subtle. Fortunately, it 
~ ~ -i-- can be easily taught using mental math exercises. 

~ ~ -1- f'.\ 
~~+~+ 

! :- ~ l"'4 -!__ 'O 
Last come two thinking strategies: 

1-l..j "~ )i-._ ,- ·i-
ll\ ""I Relating to Doubles 6+7=(6+6)+1=1 practiced as Mental Math 

Compensation 9+6=10+5 practiced: as Mental Math 

In words, the "relating to doubles" strategy is simply th observation that 3 + 4 is 1 inore than 
3 + 3, 4 + 5 is 1 more than 4 + 4, etc. (In Homework Pro lem 4 you will learn another "relating 
to doubles" strategy.) ' 

In the compensation method one adjusts one summ nd up and the other down to compen
sate. Thus 6 + 9 is found by "letting the 6 give one to he 9" and then finding the easier sum 
5+10. 
~ These thinking strategies can be applied in many di 

({\ 
rent ways. 

""-
~ 
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meaning of= 

~ 

EXERCISE 3.3. Use compensation to find the following sums. In the first the arrow indicates 
that "the 22 gives 2 to the 58". Draw similar arrows for the remaining problems and write the 
answer. 

-r-,2 
a) 58 + 22 c) 342 + 96 = e) 45 + 47 = _ (another way) 

b) 71+49 = - d) 45+47 = - f) 893 + 328 = -

From a teaching perspective, this approach of focusing on strategies rather than ''the ba
sic facts' is systematio but not rigid. It serves_to minimize memory load, fillOWS children to 
proceed quickly to larger numbers aJ:!cl more interesting problems, and simultaneously teaches 
skills that will be useful later. It is flexible because these strategies can be learned in any or
der. All children will begin addition by counting-on. But beyond that, each child will have 
favorite strategies and will be ahead on some methods and behind on others. Assessments will 
reveal these strengths and weaknesses, allowing the teacher to adjust lessons accordingly. In 
the end, memorization will be necessary for a small number of the addition within 20 facts (see 
Homework Problem 6). 

This list of thinking strategies is a system: all children learn to use these strategies; with 
practice they rely more on memory for 1-digit additions and reserve the strategi~s for use with 
larger numbers. 

Equality. The equal sign is usually introduced at the same time as addition, but it is seldom 
explicitly defined. In fact, the equal sign has a very specific meaning: the symbol = means that 
the number to its left is the same as the number to its right. When students are left to figure out 
that meaning by themselves, they often erroneously conclude that the symbol = means "now 
I will do something". That interpretation applies for most problems in grades 1 and 2, but it 
is wrong. This misimpression often endures. It can cause confusion all the way through high 
school. 

misuse of= ~ Common Student Error: 
~ 

~\(:/ \__'t~ ~ 

To find 3 + 5 + 9 + 2, Vince writes 3 + 5 = 8 + 9 = 17 + 2 = 19. 

~~ ~~ 
\' ~ '1:1 

Vince is writing as if he were typing the problem into a calculator. His teacher can help by 
pointing to each of his equal signs and asking whether the number to its right is equal to the 
number to its left. 

\.\ ~ 

Homework Set 3 

1. Illustrate the equality 3 + 7 = 7 + 3 using (a) a set 
model, and (b) a bar diagram. 

2. Which thinking strategy or arithmetic property (or prop-
erties) is being used? 

a) 86 + 34 = 100 + 20 
b) 13, 345 + 17, 304 = 17, 304 + 13, 345 
c) o+ o = o 
d) 34 + (82 + 66) = 100 + 82 
e) 2 thousands and 2 ones is 

equal to 2 ones and 2 thousands. 

3. (Mental Math) Find the sum mentally by looking for 
pairs which add to a multiple of 10 or 100, such as 
91 + 9 = 100 in Problem a). 

a) 91+15 + 9 
b) 4 + 17 + 32 + 23 + 36 + 20 
c) 75 + 13 + 4 + 25 
d) 11+45 + 34 + 55. e) 34 + 17 + 6 + 23 
f) 28 + 32 + 35 + 7. 

4. One can add numbers which differ by 2 by a "relate to 
doubles" strategy: take the average and double. For ex-



ample, 6 + 8 by twice 7. Use that strategy to find the 
following sums. 

a) 7 + 9 
c) 24 + 26 

b) 19 + 21 
d) 6 + 4. 

5. (Mental Math) Do Problems 1 and 2 on page 22 of Pri
mary Math 3A using compensation. 

6. (Thinking Strategies) Only a few of the 121 "Addition 
within .20" facts need to be memorized through practice. 
Learning to add 1 and 2 by counting-on leaves 99 sums 
to learn. 'Adding 0 or 10 is easy, and using compensa- · 
ti on to add 9 reduces the list further. After learning to use 
commutativity, students are left with only 21 facts: 

3+3 3+4 3+5 3+6 3+7 3+8 
4+4 4+5 4+6 4+7 4+8 

5+5 5+6 5+7 5+8 
6+6 6+7 6+8 

7+7 7+8 
8+8 

Make a copy of this table and answer the following ques
tions. 

a) In your table, circle the doubles and tens combina
tions' (which students must learn). How many did 
you circle? 

1.4 Subtraction 
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b) Once t ey know doubles, students can add numbers 
which iffer by 1 (such as 3 + 4) by relating to dou
bles - o memorization required. Cross out all such 
pairs in your table. How many did you cross out? 

c) How m ny addition facts are left? How many addi
tions w· hin 20 require memorization? 

7. Match the s bols =, ~. ::;, ~. ::0:: to the corresponding 
phrase. 

a) is less t an or equal to 

..... b }. is equal to 

c) is great !flan or equal to 

d) is appro imately equal to 

al to 

8. Here are so common examples of inappropriate or in-
correct uses the symbol"=". 

a) A stude t writes "Ryan= $2". What should he have 
written? 

b) A stude t answers the question "Write 4.8203 cor
rect to o e decimal place" by writing 4.8203 = 4.8. 
What sh uld she have written? 

c) A studen answers the question "Simplify (3+15)-;-
2 + 6" b writing 3 + 15 = 18 -;- 2 = 9 + 6 = 15. 
What sh uld he have written? 

When adding, we combine two addends to get a su . For subtraction we are given the sum 

minuend 
subtrahend 
difference 

and one addend and must find the "missing addend". 

DEFINITION 4. 1. Subtrqction is defined by missing ad ends: 13 - 5 is the number that fits in . 
the blank 

5 + 13. 

The three numbers in a subtraction problem play different roles. To distinguish them 
teacher's manuals use the terms minuend, subtrahend, d difference: 

e ~ 
minuend subtrahend 

These terms may seem unwieldy at first, but they are nee ed for clear professional discussions. 

In the classroom, subtraction is more complicated t n addition because it has three inter
pretations, each of which can be illustrated by set model or measurement models. 
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number bonds 

• In the part-whole interpretation a part of a set or quantity is specified and we want to 
know how much is needed to make it whole. Thus we must find a missing part. 

The class has 26 students. 
11 are boys. 
How many are girls? 

Abby's family drives to a lake 92 
miles away. They stop for lunch 
after going 60 miles. How much 
further is it to the lake? 

j Set Model I I Measurement Model 

JA > er -t ~ CL Co "+ ; 0 u a u.J 

• In the take-away interpretation we remove objects from a set or decrease a measurement 
by a specified amount. 

Sarah had a dozen eggs. 
She used 5 to make a cake. 
How many were left? 

I Set Model I 

Jenny had $23. 
She spent $8 for a book. 
How much did she have left? 

I Measurement Model I 

• In the comparison interpretation we compare two different sets or measurements; sub
traction is interpreted as the difference. 

Lilly has 11 dolls. 
Megan has 8 dolls. 
How many more dolls does Lilly 
have? 

j Set Model 

Sam weighs 56 pounds. 
Beth weighs 48 pounds. 
How much heavier is Sam? 

Measurement Model 

In number line pictures, the part-whole interpretation is illustrated by an unknown gap, the 
take-away interpretation is illustrated by steps backwards, and the comparison interpretation 
is illustrated by two bars along a number line or, perhaps better, by 'bar diagrams' as shown 
below. 

? 
~ 

I I I I I I I I I ' 
01234567 

7 - 3 as part-whole 

0 
---1 I I I I I I ' 

2 3 4 5 6 7 

7 - 3 as take-away 

I I I I 
~~~------..----

? 
7 - 3 as companson 

The part-whole, take-away and comparison interpretations are not mutually exclusive; some 
problems can be interpreted in two ways. 

Finally, the Primary Mathematics books have a wonderful method of displaying whole
part-part combinations called number bonds. Each number bond shows a way of decomposing 
a number into two parts. 

\ 
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"Number Bond" 

Number bonds are an extremely useful classroo device! They are clean, clear, and effi
cient, and are useful in many contexts. If you look ack at Section 1.2, you will see that we 
have already used number bonds for two purposes: t display the "tens combinations", and to 
show examples of regrouping. 

To adults, these interpretations and models are all aspects of the single idea of subtraction. 
But to children, they initially appear unrelated. Chil en must learn that all of these reduce 
to a single arithmetic operation - subtraction. That 1 arning comes naturally in the course of 
doing a wide variety of word and picture problems, i eluding many examples of each of the 
interpretation/model combinations described above. 

The interpretations and uses of subtraction are o e part of the story. Students must also 
develop computational skills. As with addition, com utational work starts with 1-digit sub
tractions, proceeds to 'subtraction within 20' (subtra tion up to 19 - 9 =?) and place value 
skills, and on to multi-digit subtraction. As with addit on, subtractions are done with thinking 
strategies until they are learned. Here are four such thi ·ng strategies for subtraction. 

Counting down. Simple subtractions, such as 8 - 2, 
sophisticated count-downs make an intermediate stop 
13 - 6 one can start at 13, count-down 3, then count 
sometimes called splitting the subtrahend. It can be ill 

---' -' ' 
\13 _:_\6 = 10 - 3 
\ A 
"" 3 ,: 3 .... -.... 

e easily done by counting down. More 
t a multiple of 10. For example, to find 
own 3 more. This two-step method is 

strated with number bonds: 

7 

Counting up. One can also compute differences by co nting up. For example, to find 15 - 12 
we can start at 12 and count up to 15 to conclude that 5 - 12 = 3. For numbers in different 
decades we can count in two steps: to find 15- 8, we st at 8, go up 2 to 10, then 5 more to 15, 
so the answer is 2 + 5 = 7. This strategy is useful but ot obvious; students must be carefully 
guided to it. 

15 - 8 = 2 + 5 = 7 
0 8 10 15 

EXERCISE 4.2. Find 234 - 188 by counting up from 18 . How far to 200? How much more to 
234? Illustrate your thinking with a "hops on the numb r line" picture like the one above. 
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Four-fact families. A key step in teaching subtraction is to get students to relate subtraction 
facts to already-known addition facts. One common method is to introduce 'four-fact families'. 
These are sets of four facts that correspond to one whole-part decomposition, for example, 

{ 
3+4 = 7 
4+3 = 7 

7-3 
7-4 

4 
3 I 

A much better method is to use number bonds, which display all four facts in a single picture. 

Four-fact families are sometimes misconstrued as lists of facts to be memorized. Actually, 
their role is the opposite - to reduce memorization by pointing out that what seems to be four 
different problems is actually a single already-known fact. Thus the four fact families are not 
themselves important; their role is simply to help get children mentally moving back and forth 
between addition and subtraction. 

Compensation. For addition, compensation was a way of adjusting the summands to make 
the problem easier. Compensation for subtraction has the same goal, but this time we adjust 

-J the problem by adding or subtracting the same amount to both the minuend and the subtrahend, 
< thereby leaving the difference unchanged. For example, 26 - 9 is the same as adding 1 to both 
~ . j!he minuend and the subtrahend, getting the simpler problem 27 - 10 = 17. 
~ ...__j 

-=t ~ 26 
) J +~l'......:::===========::::========::::~ 

_: ~ 2 11"711"":-:· · .. ;;--',! ~· .. 1-1 ====:::::::·==· ·:·==:=;I 
~ ~ +l~ ? 

9 

This method works well when the subtrahend - not the minuend - is converted to a 
multiple of 10 or 100. To see why, consider the problem of finding 86 - 19. Note that 19 is an 
awkward number to subtract, 20 would be easier. We can arrange that by compensation: 

86 - 19 ~ 87 - 20 
to both 

now easy! 

The alternative - using compensation to replace the 86 by 90 - gives 

86 - 19 ~ 90 - 23 
to both 

but does not make the problem much easier! Thus it is generally easiest to use compensation to 
"simplify the amount subtracted." 
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EXERCISE 4.3. Use compensation to find the followi g differences. In (a) we have indicated 
how to start the problem. 

(a) 35 - 18 = 37 - 20 = _ (c) 93-25 =-

(b) 71-33 = - (d) 124 - 57 = -

Place value considerations. Children become bore i with the numbers 0 - 20 ! One of the 
goals for the end of first grade is to begin addition an i subtraction with larger numbers, up to 
100 and beyond. The new ideas and difficulties that arise are not due to the intrinsic size of 
the numbers. Rather, they stem from place value issues. Children must learn how addition and 
subtraction play out in decimal place-value notation. That can be done by introducing place 
value thinking strategies in two stages. 

The first stage is a sequence of thinking strategies which lead to the idea that one adds (and 
subtracts) the tens and ones separately. The sequence moves step-by-step beginning with the 
simplest cases. As shown in the chart below, the first step is adding two multiples of 10, the 
second is adding a multiple of 10 to a general 2--digit number, and the third is adding two 2-
digit numbers which do not involve "carrying", "bormwing", or "rebundling". All cases can 
be nicely illustrated with dimes and pennies. Coins aliSo show how to extend the principle to 
3--digit numbers ("add the hundreds, tens, and ones sep rrately"). At this stage the ones and tens 
can be added in either order; there is no logical reason )r advantage to adding the ones first. 

Place value thinking str itegies I 

30+40 
34 + 10, 52 + 40, 

22+13 

3 ter s + 4 tens = 7 tens 
add ens 

add ens and ones separately 

The second stage of place value thinking strategie develop the idea of rebundling. For 
addition that means recognizing that 50 + 12 is the same s 62. For subtraction it means learning 
to go the other way, to think of 82 as 70 + 12. These re bundling strategies are preparation for 
learning the standard methods of column addition and st btraction. 

Place value thinking stra egies II 

56 + 6 = (50+6)+6 = so7~ 62 

0~1 
82 - 5 = 70 + 7 = 77 

1612 ,.,, 1 /~ 
\l)... 

f 'Ct 
"' '-00(' 

add ens and ones and regroup 

regn iup, then subtract 



24 • CHAPTER l. PLACE VALUE AND MODELS FOR ARITHMETIC 

We will return to these place value strategies in the Mental Math Section 2.1 and the Algo
rithm Section 3.1. 

Homework Set 4 

1. a) Illustrate 13 - 8 by crossing out objects in a set model. 
b) Illustrate 16 - 7 on the number line. 

2. (Study the Textbook!) Study pages 18 - 23 of Primary 
Math 3A and answer the following questions. 

a) How does the pictured "student helper" define the 
difference of two numbers? What is the difference 
between 9 and 3? The difference between 3 and 9? 
Do you see how this definition avoids negative num
bers? 

b) State which interpretation is used in the following 
subtraction problems: (i) Pages 20 - 21, Problems 
4, 6, and 7 (ii) Page 23, Problems 6, 8b, and 9a. 

3. (Mental Math) Do the indicated calculations mentally by 
looking for pairs whose difference is a multiple of 10. 

a) 34 + 17 - 24 - 27 b) 28 - 16 + 36 - 4. 

4. (Mental Math) Do the indicated subtractions mentally by 
"counting up". 

a) 14- 8 b) 178 - 96 c) 425 - 292. 

5. (Mental Math) Do the indicated calculations mentally 
using compensation. 

a) 57 - 19 
c) 95 - 47 

b) 86 -18 
d) 173-129. 

6. a) Illustrate the take-away interpretation for 54 - 28 us
ing a set model. (Draw pennies and dimes and cross 
some out, but be careful!) 

b) Illustrate the counting-up method for finding 54- 28 
by showing two hops on the number line. 

c) Illustrate the comparison interpretation for 54 - 28 
using a set model (use pennies and dimes again and 
ask a questfon). 

d) Illustrate the comparison interpretation for 54 - 28 
using a measurement model. (Before you start, ex
amine all the diagrams in this section). 

7. Make up first grade word problems of the following types: 

a) The take-away interpretation for finding 15 - 7. 

b) The part-whole interpretation for 26 - 4. 

c) The comparison interpretation for 17 - 5. 

8. Answer the following questions about this section: 

a) In which grade should teaching of subtraction facts 
begin? 

b) What is "subtraction within 20"? 
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1.5 Multiplication 

factors 
product 

Multiplication of whole numbers is defined as rep ated addition. 

DEFINITION 5.1. Multiplication of whole numbers is -epeated addition: 

3x5=5+5 5. 

3 tim s 

In the multiplication 3 x 5 = 15, the numbers and 5 are called factors and 15 is the 
product. 

The notation 3 x 5 is used exclusively through m st of elementary school. The common 
alternative notations 3 · 5 and 3(5) are introduced only n grade 6, after the students have a firm 
understanding of multiplication, including multiplicati n of fractions. These alternative nota
tions are shorter and avoid confusion between x and t e letter x used in algebra. On the other 
hand, the very idea of having three different notations £ r multiplication is confusing. Thus it is 
best to consistently use the x notation until students ar very comfortable with multiplication. 

Multiplication is taught and explained using three odels. Again, it is important for under
standing that students see all three models early and of en, and learn to use them when solving 
word problems. 

Set model: 3 x 5 is interpreted as '3 groups of 5 bjects'. 

Measurement model: 3 x 5 is illustrated as '3 ho s on the number line, each of length 5' 
or by a bar diagram showing 3 sections of length 5. 

~~ 
I I I I I I I I I I I I I I I I I > 
0 5 10 15 

Or~·,(\o\ M?~\ 5 

Rectangular array model: 3 x 5 is illustrated as 3 rows of 5 objects. 

* * * * * 
* * * * * 
* * * * * 

or 

? 
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arithmetic properties 
of multiplication 

Caution - The picture on the right is frequently called the 'area model', but that term is 
misleading in this context. It is important to draw in the grid in the above diagram and explain 
that the product 3 x 5 is the total number of squares in the array. One cannot explain 3 x 5 as 
the "area of a 3 by 5 rectangle" because area is not introduced until grade 3 or 4. In fact, area 
is taught starting from the rectangular array model of multiplication. 

Properties of Multiplication. The operation of multiplication of whole numbers has arith
metic properties' similar to those of addition: 

• Multiplicative Identity: 5 x 1 = 5, 
• Commutative property: 6 x 7 = 7 x 6, and 
• Associative property: 3 x (4 x 8) = (3 x 4) x 8. 

There is also an arithmetic property describing how addition and multiplication interact: 

• Distributive property: 3 x (5 + 8) = (3 x 5) + (3 x 8). 

The identity property is obvious to children after it is explained. The explanation is simple: 
1 x 5 is 1 group of 5, which is 5. This property, learned as the principle that "multiplying by 1 
doesn't change a number", describes the special role of the number 1 in multiplication. 

Commutativity is clear from rectangular arrays: the array 

can be thought of as 3 (horizontal) groups of 5, or 5 (vertical) groups of 3, but the total number 
of squares is the same, namely 15. (Note that commutativity is definitely not clear because the 
first and second factors play different roles in the set model, the measurement model, and in 
the definition of multiplication!) Associativity can be illustrated by problems like counting the 
flowers in the picture below. 

~ 
~ 
<::;:, 

~;'.~~ 
'!<. 

I" 

"' 
""6 

~. 

(2 x 3) boxes of 4 flowers 

(2 x 3) x 4 

= 2 shelves of (3 x 4) flowers, 

2 x (3 x 4). 
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The commutative and associative properties are sp cial cases of a single more general prop
erty. 

. . : . 

' Any-order Property for Multiplication:· . A list of hole. numbers• can be multiplied in any · 
order, always with the same result Thus 3 x 4x 2 can· e computed as (3 x 4)x 2, or (2 x 3) x 4,: 
or 4 x (2 x 3), etc. 

As in the previous section, the Any-order property ca be verified by repeatedly applying the 
commutative and associative properties. But again, it · s the Any-order property, not the more 
formal commutative and associative properties, that st dents learn to use. 

The distributive property can be illustrated using r tangular arrays: 

3(2 + 5) = (3 x 2) + (3 x 5) . 
.....___,_., "--v---' "--v---' 

total shaded unshaded 

The distributive and Any-order properties are centr ideas in elementary school mathemat
ics. They explain and justify Mental Math strategies, co putational procedures such as column 
multiplication, and the rules for adding and multiplyin fractions and negative numbers. The 
arithmetic properties for addition and multiplication the most fundamental properties that 
are true for all numbers; for that reason they form the b ckbone of algebra. Fluency with arith
metic is impossible without a clear intuitive understand' g of the arithmetic properties. 

The arithmetic properties are taught as principles out the ways that whole· numbers be
have; they are illustrated with models using specific n mbers and are practiced with Mental 
Math and word problems. They are not 'rules' to be emorized. The Primary Mathematics 
textbooks never mention the terms commutative, assoc ative, or distributive, yet they instill a 
deep understanding of those properties! 

Thinking Strategies for Multiplication 

Multiplication is commonly taught in three overlapp ng stages. As with the three stages for 
teaching addition, the ordering and timing of these stage is largely determined by the difficulty 
of the mathematics. Before starting multiplication, stude ts should be proficient at three skills: 

• counting to one hundred, 
• addition doubles from 1 + 1 up t 10 + 10, and 
•skip counting by 2,3, 5, and 10. 

Stage I. The introductory stage, begun at the end of grad 1, develops the meaning and interpre
tations of multiplication. Multiplication is introduced u ing repeated addition and rectangular 
arrays. Children work out picture and word problems inte spersed with straight numerical ques
tions (3 x 5 = ?). The emphasis is on recognizing multi lication as a new operation, separate 
from addition. To that end, children are taught the follow ng simple thinking strategies. 
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Multiplying by 2 doubles lrn.own from addition 

Multiplying by 3 and 4 skip counting 

• ·Multiplying by 0 and 1 easy, once explained 

' Multiplying by 10 3 x 10 = 3 tens = 30 

Practice problems also lead students to realize that remembering basic multiplication facts (such 
as 3 x 4 = 12) saves much effort, and that lrn.own facts can be used to construct new ones (e.g. 
4 x 4 is 4 more than 3 x 4). 

Stage II. The long middle stage of teaching multiplication lasts through grades 2 and into grade 
3 and has two goals: increasing calculational proficiency and deepening conceptual understand
ing. This is done in Primary Math 2A, 2B, and 3A. During this stage students see plenty of word 
problems, Mental Math, and 'worksheet' problems and begin committing 1-digit multiplication 
facts to memory. 

The word problems are initially simple, but evolve into two-step problems like the follow-
ing. 

EXERCISE 5.2. Mrs. Larson bought 2 boxes of cakes. Each box contained 18 cakes. If each 
cake cost $5, what was the total cost? 

Why is this a two-step problem? How can you use the Any-order property to find the answer 
easily? 

Mental Math builds up to applications of the distributive rule such as the quick ways of 
multiplying by 9 and 11 described in this section's homework, and the following examples. 

EXAMPLE 5.3. (a) We can find 6 x 20 mentally by 

6 x 20 = 6 x (2 x 10) = (6 x 2) x 10 = 12 tens = 120. 

This 'teacher's solution' displays in writing the intermediate thinking steps that are done 
mentally. Notice that this solution involves a place value notion, the Any-order property, 
and a known I-digit multiplication. 

(b) We can find 7 x 9 mentally by using the distributive property: 

7 x 9 = 7 x (10 - 1) = (7 x 10) - 7 = 70 - 7 63. 

By grade 3, Mental Math involves multiplication of 2-digit numbers, for example 

7 x 14 = 7 x (10 + 4) = (7 x 10) + (7 x 4) = 70 + 28 = 98. 

The goal here is not to teach the fact that 7 x 14 = 98, but rather to have students understand the 
distributive property and begin to appreciate its power. In fact, this method for finding 7 x 14, 
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based on place value and the distributive property, is n essential first step toward developing 
the standard paper and pencil procedure for multiplica ·on. 

During this second stage students also learn to mak use of the following thinking strategies. 

Multiplying by 5 from skip counting 

Commutative property clear fro rectangular arrays 

Multiplying by 9 tens - 6 

3 x 40, 20 x 30 place valu 

Any-order and distributive properties Mental M th practice 

Stage ID. The third stage is a relatively brief time sp nt closing the topic of 1-digit multipli
cation. This is done in Primary Math 3A pages 68-90. The goal is simple: all students should 
have memorized the multiplications up to 9 x 9 by the ndofthird grade. 

Why? Ironically, the ability to immediately recall th se 'basic facts' is essential for the con
ceptual understanding of multiplication. It enables chi dren to regard one-digit multiplicatibn 
as trivial, which it is. That frees up short-term memo , allowing them to turn their attention 
to the overall structure of the problem. Conversely, chi dren who have not memorized the ba
sic facts will continue to think of multiplication as a ocedure requiring time and attention. 
This can exhaust limited short-term memory. Children ho do not know the basic facts are not 
merely slower at calculating, they have conceptual diffi ulties solving multi~step problems -
see Problem 9 in Homework Set 5 below. 

Finally, fluency with the basic multiplication facts gives children confidence, confidence 
that they have mastered elementary multiplication and are ready to tackle harder problems. 
Confidence is a major factor in learning and enjoying m thematics. 

The thinking strategies developed in Stages I and II eatly reduce the effort needed to learn 
the 121 facts from 0 x 0 to 10 x 10. Commutativity re ces this number almost in half to 66. 
Multiplication by 0, 1, and 10 are trivial, and multiplicati n by 2 is already known from doubles 
in addition. That leaves only 28 facts. Standard tricks h Ip in learning multiplication by 5 and 
9 (see the homework problems below), leaving only 15 f cts. Five of these (3 x 3, 3 x 4, 4 x 4, 
3 x 6, 4 x 6) involve small numbers and are usually le ed early. Thus only about 10 facts 
remain as students enter the closing stage of basic multip ·cation. Those remaining facts can be 
systematically taught in three steps. 

Remaining squares 6 x 6, ... , 9 x 9 

6 x 7, 7 x 8, 8 x 9 via distributive pn;iperty 

Remaining 1-digit multiplications 
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For the multiplications listed in the middle row, the thinking strategy is to use known squares 
and the distributive property; thus 6 x 7 = (6 x 6) + 6 = 36 + 6 = 42. 

I 
~ Talk about "memorizing math facts" may be misleading. Multiplication is learned by do
~ ' ing problems - hundreds and hundreds of problems involving a balanced mix of Mental Math 

t> problems, worksheet arithmetic problems, and word problems. As students do those practice V Qo \ problems, they see the advantages of memorizing the 1-digit multiplication facts. Simultane-
~ ~ 'ously, practice makes those facts very familiar, and many are learned. This learning is natural 
~ ./ \in the context of solving problems - children learn by doing! 
~ ~ ~ \~ Only at the very end are the students asked to consciously memorize whatever facts they 
~ .1,:- remain unsure about (research has shown that the most troublesome facts are 6 x 7, 6 x 8, 

._., ~ \o %6 x 9, 7 x 8, 7 x 9, and 8 x 9). When those are learned the whole class h.as mastered 1-digit 
\l J '~multiplication and the topic is closed. ' 

~~~ ~~ 
~ 

Homework Set 5 

1. (Study the Textbook!) The following questions will help 
you study Primary Math 3A. 

a) Problem 1 on page 40 shows multiplication as a rect
angular array and as repeated addition, in order to 
illustrate the __ property of multiplication. 

b) (i) Read Problems 3 - 5 on pages 41 and 42. For 
each, identify which model for multiplication is be
ing used. (ii) Problems 3 and 4 on page 46 de
scribe set model situations, but illustrate them using 
__ . (iii) The word problems on page 47 use a 
variety of models. Which is used in Problem 6? In 
Problem 9? (iv) Which model is used in the three 
illustrated problems on page 49? 

c) What is the purpose of four-fact families such as 
those in Problem 2 on page 40? 

2. Continuing in Primary Math 3A, 

a) What are students asked to make on pages 68 - 69? 
What will they be used for? 

b) On page 71, what model is used in Problem 1? What 
property is being illustrated in lb? 

c) Problem 2 on pages 71- 72 shows how one can use a 
known fact, such as 6 x 5 = 30, to find related facts, 
such as 6 x 6 and 6 x 7. What arithmetic property is 
being used? 

d) Draw a rectangular array illustrating how the fact 
6 x 6 = 36 can be used to find 6 x 12. 

e) Problem 3 on page 73 shows that if you know the 
multiplication facts obtained from skip counting by 
6 then you know ten additional facts by the __ 
property. 

3. Illustrate the following multiplication statements using a 
set or rectangular array model: 

a) 5 x 3 = 3 x 5 
b) 2 x (3 x 4) = 6 x 4 
c) 3(4 + 5) = (3 x 4) + (3 x 5) 
d) 6 x 1 = 6. 

4. Identify the arithmetic property being used. 

a) 7 x 5 = 5 x 7 
b)6+0=6 
c) 3 + (5 + 2) = (3 + 5) + 2 

d) 1 x nn11 = nn11 
e) 3 + 4 = 1(3 + 4) 
f) 3(8 x 6) = (3 x 8)6 
g) (7 x 5) + (2 x 5) = (7 + 2) x 5 

5. (Mental Math) Multiplying a number by 5 is easy: take 
half the number and multiply by 10. (For an odd number 
like 17 one can find 16 x 5 and add 5.) Use that method 
to mentally multiply the following numbers by 5: 6, 8, 7, 
12, 23, 84, 321. Write down your answer in the manner 
described in the box at the end of Section 2.1. 

6. (Mental Math) Compute 24x 15 in your head by thinking 
of 15 as 10 + 5. 



7. (Mental Math) Multiplying a number by 9 is easy: take 
10 times the number and subtract the number. For exam
ple, 6 x 9 = 60 - 6 ("6 tens minus 6"). This method 
is neatly illustrated at the bottom of page 72 in Primary 
Math 3A. 

a) Draw a similar rectangular array that illustrates this 
method for finding 9 x 4. 

b) Use this method to mentally multiply the following 
numbers by 9: 5, 7, 8, 9, 21, 33, and 89. 

c) By this method 7 x 9 is 70 - 7. That is less than 70 
and more than 70 - 10 = 60, so its tens digit must 
be 6. In fact, whenever a 1-digit number is multi-
plied by 9: the tens digit of the product is __ _ 
less than the given number. Furthermore, the ones 
digit of 7 x 9 = 70 - 7 is 10 - 7 = 3, the tens com
plement of 7. When a 1-digit number is multiplied 
by 9, is the ones digit of the product always the tens 
complement of the number? 

d) Use the facts of part c) to explain why the "fingers 
method" (Primary Math 3A page 87) works. 

e) These mental math methods can be used in the 
course of solving word problems. Answer Problems 
5 and 6 on page 89 of Primary Math 3A. 

8. (Mental Math) Explain how to compute the following 
mentally by writing down the intermediate step(s) as in 
Example 5.3. 
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(a) 5 x 87 x 2 
(b) 4 x 13 x 25 
(c) 16 x 11 
(d) 17 x 30. 

9. Try to solve he following multi-step word problems in 
your head. 

• After givin 157 ¢ to each of 3 boys and 54¢ to a fourth 
boy, Mr. Gre n had 15¢ left. How much did he have to 
start with? 

• After givin 7 candies to each of 3 boys and 4 candies 
to a fourth bo , Mr. Green had 15 candies left. How many 
candies did h have at first? 

These two pr lems are solved by the same strategy, but 
the first is m ch harder because the first step overloads 
working mem ry - while doing the multiplication one 
forgets the res of the problem. 

a) How wo Id the second problem appear to a student 
who does not know what 7 x 3 is? Is there an advan
tage to in tautly knowing 7 x 3 = 21, or is it enough 
for the s dent to know a way of finding 7 x 3? 

b) Ifone firs observes that 150 x 3 = (15 x 3) tens = 
450, wha must be added to solve the first problem? 
Write do n the intermediate steps as in Example 
5.3. 
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1.6 Division 

dividend 
divisor 

quotient 

partitive 
division 

measurement 
division 

Division of whole numbers is defined in terms of multiplication using the idea of a "missing 
factor". 

DEFINITION 6.1. Division is defined by missing factors: the number 56-;- 8 is the missing factor 
in __ x 8= 56. 

The numbers in a division problem are called the dividend, divisor, and quotient: 

56 
'-v-" 

dividend 

8 
'-v-" 

divisor 
~ 

quotient. 

By this definition (56-;- 8) x 8 = 56, so if we divide by 8 and then multiply by 8 we get our 
original number back. Thus multiplication and division are "opposite operations" in exactly the 
same way that addition and subtraction are. 

As with multiplication, division word problems can use either a set or a measurement model. 
But division is more interesting because there are two distinct interpretations of division. For 
example, we can explain 20 ...;- 4 using the "missing factor" approach: 20 ...;- 4 is the solution to 
either 

20 = 4x_ or 20 = _x4. 

Because multiplication is commutative, these two equations have the same numerical answer, 
namely 5. But they have different interpretations. The first asks "20 is 4 groups of what size?", 
while the second asks "20 is how many groups of 4 units?". These two interpretations of divi
sion have names, and each can be neatly visualized as bar diagrams. 

Interpretation Interpretive question Diagram 

20 

- _,Ao -Partitive division: 20 is 4 groups of what size? I I I I I 
~ 

? 

20 
A 

Measurement division: 20 is how many groups of 4? I I I ... ? ... -, 
----.,._..; 

4 

When we know the original amount and the number of parts, we use partitive division to 
find the size of each part. On the other hand, when we know the original amount and the 
size or measure of one part, we use measurement division to find the number of parts. These 
two interpretations are easily distinguished in word problems. Primary Mathematics 2A uses 
simple word problems and illustrations to describe both interpretations and show why they are 
different. 
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EXAMPLE 6.2. 5 packets of coffee beans weigh 750 g. ow much does each packet weigh? 

750 

This problem asks "750 g is 5 packets of what siz packet?". This is partitive division -
the number of groups (packets) is specified and we m st find the. size of each. One can also 
think of distributing the 750 grams equally among 5 p ckets (or 5 people), and for that reason 
partitive division is sometimes called sharing division. 

EXAMPLE 6.3. Sarah made 210 cupcakes. She put them nto boxes of JO each. How many boxes 
of cupcakes were there? 

210 

... ? ... 

This question asks "210 is how many boxes of 10 cu cakes?" This is measurement division 
- the unit (10 cupcakes) is specified and we must find t e number of units. 

[

(We also use divison \ 
to find the number I 
of groups. -A 

Division word problems use one or the other of thes interpretations. To identify which, 
draw the bar diagram, or note whether we are asked for e size of each part (partitive) or the 
number of parts (measurement). On the other hand, straig t numerical problems, such as 35--;- 5, 
have no built-in interpretation. In order to create a word oblem illustrating 35--;- 5 one of the 
interpretations has to be chosen. 
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Creating a division word problem for a + b involves three steps: 

1. Make a choice: partitive or measurement division. 

2. Think of the corresponding diagram or question ("X is Y groups of what size?" or "X is 
how many groups of Y?''). This provides a 'skeleton' of a word problem. 

3. Flesh this out into a real-world problem. 

EXAMPLE 6.4. Here are two ways to create a word problem for 35 + 5 following the steps above. 

a) Choosing partitive division, the question is "35 is 5 groups of what size?". Thinking of 
weight and food leads to the word problem "If 5 candy bars weigh 35 ounces, how much 
does each one weigh?" 

b) Choosing measurement division, the question is "35 is how many 5s?". Thinking of 
money and clothes leads to the word problem "T-shirts cost $5 each. How many can you 
buy for $35 ?". 

Making up word problems is a skill acquired through practice. It is discussed in Chapter 2. 

A Teaching Sequence for Division 

The Primary Mathematics textbooks introduce division in second grade, first as partitive 
division and then as measurement division. Pictures are very important in the beginning. Shortly 
after division is introduced, four-fact families with the associated pictures are presented. 

9 x 2 = 
18 +2 = 

2 x 9 = 
18+ 9 = 

This encourages students to do division by recalling known multiplication facts. From that point 
on, multiplication and division are taught in tandem. For instance, students learn the multiples 
of 2 and 3, then in the next section learn how to divide by 2 and 3. 

In any curriculum, it is important that students see many examples of both partitive and 
measurement division- both are needed for 'real-life' applications and for understanding later 
concepts (for example, division of fractions). Students who see a balanced mix of the two types 
of division problems will more quickly learn to recognize division in its different guises and to 
view division as a single, simple, mathematical operation. 

Why distinguish partitive and measurement division? This distinction is not something students 
need to know, but it is something that can make you a better teacher. A key point of this section 
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is that students must come to associate the operation f division with completely two different 
types of word problems. That difference is not app ent to adults, who long ago learned to 
instantly associate both with division; it requires effo to become conscious of that automatic 
association. But teachers who learn to distinguish parf ·ve and measurement division are better 
able to understand their students' thinking. They ar in a better position to insure that their 
students see an appropriate mix of division problems and are better prepared for making up 
word problems for division. 

Thus far in this section, as in the Primary Mathe atics textbooks through the middle of 
grade 3, all division problems have had whole numbe answers - there have been no remain
ders. The introduction of remainders is the next stage · n teaching division. Remainders appear 
naturally in both set and measurement models as the t o examples below show. 

40 eggs is how many dozen? 

3 groups with 4 left over. 

40 -7- 12 = 3 R 4 

Underlying all divisions-with-remainder problems i 
Quotient-Remainder Theorem. The theorem generaliz 
sion. For the example 40 --;- 12, it says that there are u 
blanks 

How many feet in 40 inches? 

.......-----... .......-----... .......-----... 
I I I 11111 ' 
0 12 24 36 40 

Three feet with 4 inches left. 

40 -7- 12 = 3 R 4 

a single mathematical fact, called the 
the missing factor definition of divi

. que whole numbers which fill in the 

4o = (12 x D ) + D 
'-v-' '-v-' 

quotient r mainder 

in such a way that the remainder is less than 12. The pr of is exactly as in the pictures above: 
starting at 40 we can repeatedly subtract 12 until we re ch a whole number less than 12. Of 
course, there is nothing special about the numbers 40 an 12. The theorem holds if we replace 
the number 40 by an arbitrary whole number called 'A and similarly replace 12 by a whole 
number 'k'. If A is a multiple of k then the quotient --;- k is the number q which satisfies 
A= k x q. In general, there is a remainder rand that re ainder is less thank. Thus 

THEOREM 6.5 (Quotient-Remainder Theorem). For ny two whole numbers A and k with 
k i= 0 there are unique whole numbers q (the quotient) a d r (the remainder) such that 

A = (k x q) + r 

andO ~ r < k. 
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EXAMPLE 6.6. The Quotient-Remainder Theorem for 23 --;- 4 can be illustrated by a "rectan
gular array with remainder" 

~ 

5 

23 = ( 4 x 5) + 3, or 

23 --;- 4 = 5 R3. 

Finally, there is one point that inevitably comes up in discussions of division: division by 

dividing by 0 
0. Most textbooks state that division by 0 is 'undefined'. That statement does not mean that 
dividing by zero is against some rule or law. Rather, it means that there is no answer that makes 
sense. Understanding that point requires considering two separate cases. 

Case 1: If 10 --;- 0 were equal to some number, it would be the missing factor in __ x 0 = 10 
("how many groups of size 0 make 10?''). There is no such number! Thus 10 --;- O does not 
specify a number. 

Case 2: 0 --;- 0 is also undefined, but for a different reason. Solving 0 --;- 0 = __ is the same as 
solving 0 = 0 x --· But any number fits in this blank! Thus the division expression 0--;- 0 
does not represent one particular number, as all other division expressions do. 

In the first case division by zero does not specify any number, while in the second case it 
specifies every number. The phrase "division by 0 is undefined" is the standard way of express
ing both these cases at once. 

Homework Set 6 

1. Identify whether the following problems are using mea
surement (MD) or partitive division (PD) (if in doubt, try 
drawing a bar diagram). 

a) Jim tied 30 sticks into 3 equal bundles. How many 
sticks were in each bundle? 

b) 24 balls are packed into boxes of 6. How many boxes 
are there? 

c) Mr. Lin tied 195 books into bundles of 5 each. How 
many bundles were there? 

d) 6 children shared 84 balloons equally. How many 
balloons did each child get? 

e) Jill bought 8 m of cloth for $96. Find the cost of 1 m 
of cloth. 

f) We drove 1280 miles from Michigan to Florida in 4 
days. What was our average distance per day? 

2. To understand the different uses of division, students must 
see a mix of partitive and measurement division word 
problems. This problem shows how that is done in the 

Primary Math books, first in grade 3, then again (with 
larger numbers) in grade 4. 
Identify whether the following problems use measure
ment or partitive division by writing MD or PD for each, 
separated by commas. 

a) Problems 10 and 11 on page 43 of Primary Math 3A. 

b) Problems 6 - 10 on page 65 of Primary Math 3A. 

c) Problems 7 - 9 on page 35 of Primary Math 4A. 

3. Illustrate with a bar diagram. 

a) measurement division for 56 + 8. 
b) partitive division for 132-;-- 4. 
c) measurement division for 2000 + 250. 
d) partitive division for 256 + 8. 
e) measurement division for 140 + 20. 
f) measurement division for 143 + 21. 

4. Make up a word problem for the following using the pro
cedure of Example 1.6. 

a) measurement division for 84 + 21. 



b) partitive division for 91 -7 5. 
c) measurement division for 143 +- 21. 

5. Illustrate the Quotient-Remainder Theorem as specified. 

a) A number line picture for 59 +- 10 (show jumps of 
10). 

b) A set model for 14 -T 4. 
c) A bar diagram, using measurement division, for 

71 +-16. 
d) A rectangular array for 28 +- 6. 

1.7 Addendum on Classroom Practice 
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6. One might g ess that the properties of multiplication also 
hold for divi ion, in which case we would have: 

a) Comm tative: a +- b = b +- a. 

b) Associ tivity: (a -7 b) +- c = a+- (b-;- c). 
c) Distrib tivity: a -7 (b + c) = (a -7- b) +(a-;- c). 

whenever a, b, and c are whole numbers. By choosing 
specific valu s of the numbers a, b, and c, give examples 
(other than "viding by zero) showing that each of these 
three "prope ies" is false. 

This course focuses on mathematics. But in addit on to knowing subject matter, teachers 
must also know what works and does not work in the classroom. Thus this course is only a 
first step toward becoming an effective mathematics te cher. Your education courses will build 
on this course, giving you the knowledge and classro m skills needed to teach mathematics 
effectively, topic by topic. 

The distinction between what is mathematics and what is teaching methodology can be 
confusing. This course contains many discussions (of odels, component skills, teaching se
quences, potential student errors, etc.) which might at first seem to be pedagogy, not mathe
matics. But those topics are instances where the logic of the mathematics dictates the order 
and manner in which mathematics is developed in the c assroom. Understanding such topics is 
essentially a matter of understanding the mathematics. 

This supplementary section gives some ideas about hat lies beyond this course. It mentions 
some aspects of classroom practice that will be covered in your teacher education courses. Of 
course, classroom practice varies from grade to grade, subject to subject, and topic to topic. 
The teaching techniques that work best for teaching d vision to second-graders are different 
from those best for teaching fractions to fourth-graders To keep the discussion concrete we 
will give examples related only to teaching counting, 1 aving it to you to see how the same 
themes apply to other topics in mathematics. 

Lesson Planning. As a teacher, you will plan and pr pare lessons every day. The quality 
of that preparation will be a major factor in your succ ss as a teacher. Yet there will be no 
one in the classroom to help you and the time availabl for preparation will be limited. You 
will get essentially no guidance or support from your chool administrators. Your teacher's 
manual is likely to be woefully inadequate. You will e continually scrambling to produce, 
from somewhere, supplementary material for the best s dents, for the weakest students, and 
for the class as a whole. There will be whole weeks when you will have to prepare mathematics 
lessons with no materials at all to work from. How willy u manage? 

Well, teaching mathematics will seem much more anageable at the end of this course, 
when you have a clear vision of what elementary math matics is and a solid understanding 
of its details. You will then appreciate how teaching ma ematics differs from teaching other 
subjects. For example, one important principle is: 
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Diagnostic 
tests 

Instructional 
tests 

• Mathematics is learned through practice. Practice means doing problems - hundreds and 
hundreds of problems each year. In elementary school, one hour per day should be devoted to 
mathematics. 

In your mathematics education methods course you will learn how to use your knowledge of 
mathematics to select and organize problems and prepare interesting lessons around them. You 
will also learn how to initiate lessons, provide encouragement, anticipate student difficulties, 
and how to keep the class focused on the mathematics. 

Assessment. Good teaching requires that the teacher know, at all times, where the students 
stand: what they know and don't know, what is easy and hard, what is new and what is familiar. 
Gifted teachers acquire a feel for this. But even the best teachers must regularly confirm their 
beliefs about student knowledge through assessments. 

The word 'assessment' refers to any kind of test, written or oral, formal or informal, planned 
or spontaneous - anything used to gauge what students know and what they have learned. This 
includes tests and quizzes, but it also includes one-on-one conversations with students, and 
listening to students' responses when called on. It does not include students' volunteered re
sponses to teachers' questions; the volunteers are, of course, the students who know the answers 
and their responses can mislead the teacher into thinking that other students know as much. 

There are several types of assessment, distinguished by their purposes. Prognostic tests 
measure students background skills; they are used to predict achievement of individuals and of 
entire classes and to gauge where to begin instruction. The very first assessment of elementary 
school is a prognostic test: 

EXAMPLE 7.1. Before beginning instruction in counting, a kindergarten teacher should deter
mine (a) to what number each child can already count, and (b) whether each child understands 
what the numbers represent. 

Of course, similar prognostic assessments are necessary at the beginning of each grade and each 
new mathematics topic. 

Diagnostic tests are intended to reveal the strengths and weaknesses of students on a specific 
topic or skill. The evaluation serves two purposes: it shows the student how well he is accom
plishing the tasks set for him, and it gives the teacher feedback about teaching effectiveness. 

Instructional tests are intended to promote and consolidate learning. An example is a 
weekly spelling quiz. Students learn both while preparing for the quiz and, as research indi
cates, during the quiz itself [16, 39]. Mathematics, more than any other subject, builds on itself. 
Thus instructional tests which are cumulative, that is, which contain items from topics covered 
earlier, are particularly appropriate for mathematics teaching. Cumulative testing keeps earlier 
material fresh and helps make it familiar and comfortable, which in turn makes learning new 
material easier. In that way, repeated cumulative assessment keeps instruction spiraling upward. 

All teachers must know how to construct assessments and how to use the results to guide 
lesson planning. Making up mathematics assessments requires a solid knowledge of the subject, 
careful judgements about the capabilities of the students, and familiarity with some pedagogical 
theory (for example, knowing the several reasons why one should begin each test with an easy 
question). You will learn these things in your teaching methods classes. 

Cognitive Issues. The literatures of mathematics education and cognitive psychology contain 
interesting studies about how children respond to specific conceptual difficulties and teaching 
approaches. The quality of those studies varies considerably; some studies contain errors [6] 
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and omit important variables (such as how much te hing parents are doing). Nevertheless, 
those studies point out pitfalls teachers should watc for. Here are two examples related to 
counting. 

(1) The teen numbers 13, 14, ... , 19 can cause ouble because in English they are read 
starting at the right ("fourteen"), while all higher nu hers are read left to right (23 is "twenty 
three"). This leads to confusion between numbers lik 15 and 51. It may help to pass quickly 
on to the regular numbers 20 - 100. 

(2) The counting chart (below) used in many el mentary school programs can confuse 
children. Because the numbered boxes have width it is ot clear where to start and stop counting. 
Some children attempt to find '4+3' by pointing to '4' and counting three steps ("4 ... 5 ... 6"), 
concluding that 4 + 3 = 6. Worse, when a teacher exp ains the correct procedure both methods 
seem equally valid, further confusing the child. These issues are completely avoided by using 
the number line, where the numbers label points. 

4+3 

I I I I I I I ' 
0 2345678 

Developmental Issues. Elementary school children e developing and maturing. With each 
passing year they increase their attention span, fine mo or skills, and reading and writing abil
ities. Their social skills develop and their attitude tow d school and their place in it evolves. 
Consequently, some aspects of teaching vary from gra to grade. Here are three such consid
erations that affect teaching mathematics in grades K-2 

(1) Young children have short attention spans. Mat ematics is best learned in the mornings 
when the students are better able to concentrate. 

(2) Many five and six year olds, especially boys, do ot yet have the fine motor skills needed 
for writing numbers and letters less than, say, a half inc tall. This is acquired with practice. In 
the meanwhile, teachers should be on guard for worksh ets requiring tiny writing. 

(3) Similar considerations hold for reading. Some hildren may be unable to read a word 
problem or the directions on a worksheet, yet still be full capable of doing the exercise. It often 
helps for the teacher to read the problems and directions aloud. 

In the early grades mathematics ability is general! ahead of reading and writing skills. 
There exist elementary school programs that place a eavy burden on reading and writing, 
effectively postponing beginning arithmetic until second rade. But as the Primary Mathematics 
textbooks in grades 1 and 2 illustrate, one can do a su stantial amount of mathematics with 
only a minimal amount of reading and writing. Do not p stpone mathematics until reading and 
writing skills develop. 

Manipulatives, computers and calculators. These clas room aids should be used judiciously. 

1. Manipulatives are physical objects given to child en and used as teaching aids. School 
districts often supply teachers with collections of plasti knick-knacks specially designed for 
teaching mathematics. Manipulatives can be helpful to i 'tiate a new concept, but frequent use 
runs the risk that students will focus on the manipulativ s rather than the arithmetic. In your 
education courses you will learn that manipulatives are seful for a limited number of topics, 
such as teaching about place value in grades K-2. 
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Dienes blocks 

computer programs 

calculators 

EXAMPLE 7 .2. a) The best manipulatives are ones used in everyday life, such as coins and tape 
measures. 

b) Pictures of objects, rather than actual physical objects, are the most useful 
because they are more abstract and can depict a great variety of situations. 

c) Teaching place value using Dienes Blocks (pictured below) requires care; 
the thousands block and the tens block look very different, while the two ones in the numeral 
1813 look the same. The very point that has to be made - that it is the position that carries the 
information - is not true of the Dienes Blocks. 

v 
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Unit Long Flat Block 

The goal of elementary school mathematics is getting students to manipulate numbers, not 
objects, and to regard numbers as concrete things, not abstractions. Consequently, paper and 
pencil are by far the most useful and important manipulatives and are ones the students will be 
using for the rest of their lives. 

2. Computer programs for teaching mathematics are usually loaded with distractions and 
poor exercises. Approach such programs with caution and a healthy skepticism about their 
claimed value. The better ones provide useful supplementary practice, but none can take the 
place of classroom instruction. 

Here is one especially effective computer exercise for preschool or kindergarten students. It 
uses the computer simply to bypass the process of writing numbers by hand, which is laborious 
for children at this age. 

Open up a word processor. Set the font size large (24 point). Have th~ child start typing, 
preferably at the numeric end of the keyboard, 

1 (space, space) 2 (space, space) 3 (space, space) ... 

with a parent or teacher saying the number aloud as the child types it, correcting errors, and 
giving hints. The child should keep going, a few minutes a day, day after day (yes, children will 
want to do this!). By the time 1000 is reached the child will have a good understanding of the 
decimal numeral system. 

3. Calculators enable people to do arithmetic quickly without thinking about the actual 
numbers involved. There are times when this aids understanding. For example, high school 
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chemistry involves many calculational problems ("div de the measured mass 462.83 grams by 
the volume 0.367 liters to get the density"). Using a alculator is fast and keeps the focus on 
the chemistry. In that setting laborious hand calculat ons have no educational value because 
chemistry students already know arithmetic. 

Elementary school students, on the other hand, e still learning arithmetic. Calculators 
also enable them to do arithmetic quickly without thi ·ng about the numbers involved. But 
thinking about numbers is the main point of elementar school mathematics! Calculators allow 
students to bypass the very exercises which enable th m to acquire an intuitive understanding 
for numbers and arithmetic, exercises in which the n mbers are chosen to illustrate specific 
aspects of arithmetic with decimal numbers. In contr st, pencil and paper calculations force 
students to focus on such specifics and learn from the . 

Calculator use also has psychological repercussio s. Some students come to depend on 
them, and even begin to think of arithmetic as an activit which involves coaxing answers out of 
a little black box. Such students are missing one of the ain benefits of mathematics education: 
confidence that they can solve problems by themselves. 

For these reasons, most European and Asian coun es minimize the use of calculators until 
grade 6, that is, until the students have mastered arithm tic. 

Finally, many important aspects of teaching have Ii le to do with either the mathematics or 
psychology. Children are remarkably quick to learn an have imaginations which enable them 
to handle abstractions well. They are enthusiastic abo t seeing new things, and they want to 
make a game of everything. Skillful teachers use thos characteristics to make learning easy 
and natural. But that is possible only for teachers who have a very solid understanding of the 
mathematics they are teaching - teachers whose famil arity with the material enables them to 
focus their energy and attention on the children, rather han the mathematics. The goal of this 
course is to bring your understanding of elementary ma ematics to that level. 




